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Abstract

The inverse problems generally refer to a class of problems in which the input

or source terms are determined from the observed output data or system responses.

Such problems have long existed in various fields of science technology and actual

lives. The classic inverse source problem of partical differential equations is to de-

termine the unknown inhomogeneous sources in the equations, or part of the inho-

mogeneous term, if part of the solution of the direct problem and the corresponding

boundary conditions are known. In the past half century, the inverse source problems

have received massive attention due to their important applications in various fields.

Particularly, when the source terms involve uncertainties, i.e., the inverse problem

becomes the inverse random source problem, it can describe the actual situation more

generally, and has wider application.

This thesis mainly studies the inverse random source problems of biharmonic

equation in two dimensions, and the fractional sub-diffusion equation in both bounded

one dimensional domain and unbounded domains up to three dimensions.

In the study of the two dimensional biharmonic equation, we deduce the equa-

tion’s Green’s function and give the explicit mild solution to the direct problem, under

the assumption that the random source is driven by the colored noise. By using the

Young’s inequality and analyzing the square integrable and continuous properties of

the Green’s function, the well-posedness of the stochastic integral in the mild solu-

tion is given, and hereafter the existence, uniqueness and well-posedness of the mild

solution are proved by constructing a sequence of continuous well-posed solutions.

As for the inverse problem, we convert it to solving two Fredholm integral equations

and choose Tikhonov regularization method to deal with the ill-posedness of these

integral equations, and use L-curve method to select the moderate regularization pa-

rameter. Additionally, the numerical examples are given to validate the effectiveness

and stability of the proposed method.

Generally speaking, the most common method to solve the fractional sub-diffusion

equation is using Mittag-Leffler function to constructing the explicit solution. How-

ever, since the random source we deal with is driven by the spatial noise, this Mittag-

Leffler function method is no longer applicable. Consequently, in the study of the
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fractional sub-diffusion problem constrained in a one-dimensional bounded domain,

we first extend the source function to the whole region, and perform Fourier trans-

form on the problem to convert the time-space problem equivalently into a two-point

boundary value problem in the frequency-space domain. Then, by constructing the

Green’s function of the converted problem, we obtain the well-posedness and regu-

larity of the mild solution to the direct problem in the frequency domain. By using

the equivalency of Fourier transform, the solution to the original problem can be ob-

tained immediately, so as to the regularity and well-posedness of the original solution.

As for the inverse problem, we show that the Fourier modulus of the sub-diffusion

coefficient of the random source can be uniquely determined by the variance of the

solution in the frequency domain. And through the algorithm of phase retrieval, we

show that the absolute value of the sub-diffusion can be uniquely obtained by the

Fourier modulus with extra measurements. Additionally, the numerical examples are

given to validate the effectiveness and stability of the proposed method.

Finally, we extend the study of fractional sub-diffusion equations to unbounded

several dimensions. By the same Fourier method as in the one-dimensional bounded

domain, we prove the well-posedness of the mild solution of the direct problem and

theoretically prove that the sub-diffusion coefficient can be uniquely obtained.

Keywords: Inverse source problems; Stochastic PDEs; Green’s function; Method

of regularization; Fourier transform; Phase retrieval;
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1 㔠䇰

1.1 䘿题㜂Ქфᝅѿ

൞䗽ৱⲺঀѠь㓠, 反问题൞〇ᆜૂᐛ程ⲺѠ分᭥ѣ䏀ᶛ䏀ࡦ研究㘻ԢⲺ

ީ⌞, ީӄ反问题Ⲻ类ᓊ⭞ԛ反╊方⌋Ⲻ⨼䇰研究ᮽ⥤ҕ൞伔䙕໔䮵. 反问题

ж㡢ⲺᱥԄ㿸ሕࡦⲺ䗉࠰ᮦᦤᡌଃᓊѣ⺤ᇐ䗉ޛᮦᦤᡌᶛ源, 㙂фҁ反Ⲻ↙问

题ࡏᱥ⭞ᐨ⸛Ⲻ䗉ޛᮦᦤᡌᶛ源ᶛ≸䀙䗉࠰ᮦᦤᡌଃᓊ㔉᷒. Ԅᮦᆜ方程Ⲻ䀈ᓜ

ᶛ䇨, ᡇԢਥԛ⭞微分方程 (㓺) ᶛ㺞⽰жѠᮦᆜ㌱㔕, ᖉᡇԢ㔏ᇐжѠ微分㇍ᆆૂ

ެ䗯⮂ᡌٲࡓᶗԬ, ᡇԢᙱਥԛᢴࡦ┗䏩ެᓊⲺࡓ/䗯ٲ问题Ⲻ䘸ᇐⲺ䀙. 㙂反问

题ࡏᱥṯᦤ↙问题䘏жᇐ䀙问题Ⲻ䜞分䀙ؗᚥ֒Ѱ仓ཌ㿸⎁ᮦᦤ, ≸䀙᮪Ѡ㌱㔕ѣ

Ⲻжӑᵠ⸛䠅, ྸᇐ䀙问题Ⲻ॰ตȽ方程Ⲻ㌱ᮦȽᡌᱥ方程Ⲻ䶔喆⅗亯ㅿㅿ.

䙐䗽㿸⎁ᮦᦤᶛሱᢴ䈧ഖᱥᖾᰟቧ㻡ӰԢީ⌞Ⲻ问题, ׁྸᰟ൞ 200 ᒪࢃ, 

Ფᯥቧᨆ࠰Ҽᕋ࣑൰Ⲻ反问题. ሯӄ䍞䠅分ᐹѰ f Ⲻ⢟։, 䇴ٽ f ൞жѠ类⨹ᴿ

⮂॰ต Ω ཌѰ䴬, ъ⢟։Ⲻᕋ࣑൰Ѱ u. ࣑两㘻ਥԛ䙐䗽ᕋࡏ ∇u ф䍞䠅分ᐹⲺީ
㌱㺞⽰, ൞ R3 ѣߏᡆ⌀ᶴ方程Ⲻᖘᕅ:

−∆u(x) = f

lim
|x|→+∞

u(x) = 0.

䛙Ѿᕋ࣑൰问题Ⲻ↙问题ࡏᱥ൞㔏ᇐ䍞䠅分ᐹ f Ⲻ߫с, ≸䀙ᕋ࣑൰ u. 䘏ᱥж

Ѡ䘸ᇐⲺ问题, ഖѰሯԱᝅ┗䏩ٽ䇴ъਥ〥Ⲻ࠳ᮦᡌ分ᐹ f , 䜳ᆎ൞жъどᇐⲺ䀙

u, ᒬъਥԛ䙐䗽类方⌋൞ᮦٲр䘑㺂≸䀙. 㙂ެᓊⲺ反问题ࡏᱥ൞㔏ᇐ Γ рⲺ

ᕋ࣑ ∇u ᡌᕋ࣑൰ u ᰬ, ≸䀙䈛⢟։ᵠ⸛ⲺⲺ䍞䠅分ᐹⲺ问题, ެѣ Γ ᱥ॰ต䗯⮂

∂Ω Ⲻж䜞分. 䘏ж㔅ޮⲺ反源问题ഖެ൞ཟ։䍞䠅⎁㇍Ƚ䠃࣑ሲ㡠ㅿ方䶘Ⲻ䠃㾷ᓊ

⭞൞䘇жѠь㓠ԛᶛ㻡䇮ཐ研究㘻分᷆ૂ䇞䇰 [1–3].

ഖѰ反问题ᒵ⌑Ⲻᓊ⭞亼ตૂᮦᆜ⨼䇰Ⲻᔰ,ެཟ⭕ቧޭᴿ䐞ᆜ〇ᙝ䍞,ᡇԢ

ਥԛ൞ࠖ҄ᡶᴿⲺ〇ᆜૂᐛ程亼ตѣᢴࡦሯӄ反问题Ⲻ研究. ެѣᴶѰᴿъᡆࣕ

Ⲻᱥ X ᯣቸᢡᨅݿ (X-ray Computed Tomography), 䘏жᢶᵥ⭞ԄѠ方ੇᤃ

᩺Ⲻ X ሺ㓵䱪ᖧഴ܅䠃ᔰᯣቸഴ܅, ᐨ㔅൞⭕⢟ॱᆜᡆ܅р㻡ᒵ⌑ֵ⭞, ൞䇮ཐ亼

ตӝ⭕Ҽᐞཝᖧଃ. ެԌީӄ反问题研究Ⲻ䠃ཝᓊ⭞ऻᤢᯣቸݿᆜᱴ微䮒ᡆ܅Ƚ⌘

൰Ⲻ反ᮙሺ问题, 䙐䗽䗯⮂рⲺᓜ⎁䠅ᶛ䇴༽ᵠ⸛Ⲻሲ✣⦽, ൦䍞研究ૂ⸩⋯ऎ

᧘, ԛᶆᯏ࣑ᆜᙝ䍞Ⲻ᧞ᇐㅿㅿ. ⭐㠩ީӄ়ਨⲺ䘳ⓥ᧞⨼Ƚ㠠❬≊ُⲺᖈ㓩Ƚ⢟

〃䘑ौⲺ᧞䇰, 䜳ਥԛⵁڐᱥж类反问题.

1
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㲳❬ཝᇬሯ类反问题ૂᓊ⭞ᒬу䲂⭕, ռᱥᆹᒬ⋗ᴿ᱄⺤Ⲻᇐѿ. ж㡢ᶛ䈪

反问题Ⲻᱥ䙐䗽䗉࠰ᶛ⺤ᇐ䗉ޛ, ռᱥ䘏жᇐѿ൞䇮ཐ߫сᒬу䘸⭞. ᡇԢਥ

ԛ䙐䗽ሼ↙问题ⵁڐф反问题ሯᓊⲺީ㌱, 㔏࠰᱄⺤ъਾ⨼Ⲻᇐѿ [4]. ж㡢ᶛ䈪, ሯ

ӄжѠਥԛ㻡微分方程㺞⽰Ⲻ㌱㔕ѣ, ≸䀙жѠ↙问题䴶㾷┗䏩сࡍᶗԬᐨ⸛:

1. 问题ᡶ൞Ⲻ॰ตԛ䗯⮂;

2. ॰ตᨅ䘦问题Ⲻ方程;

3. ሯӄ᮪Ѡ䗯⮂Ⲻ䗯⮂ᶗԬૂ/ᡌٲࡓᶗԬ;

4. 方程䜞Ⲻ∅Ѡ৸ᮦ;

5. 方程Ⲻ源࠳ᮦ, 䶔喆⅗亯.

ᖉр䘦ᶗԬൽᐨ⸛ᰬ,ᡇԢਥԛ䙐䗽ᮦᆜ分᷆ૂᮦެ࠰≹⌊㇍ٲᓊⲺ䀙.ྸ᷒

р䘦ⲺӊѠᶗԬѣᴿԱᝅжᶗᡌࠖᶗᵠ⸛ᡌуᇂޞ,䘏ቧ࠰⧦ҼᓊⲺ反问题.ሯӄ

ᵠ⸛ᶗԬⲺ⺤ᇐᖶᖶ䴶㾷↙问题Ⲻ䀙ᡌ䜞分䀙ᮦᦤᐨ⸛. 㙂৾ഖѰ䙐ᑮ䘏类ᮦᦤᶛ

㠠ӄᇔ僂, ᡶԛᖶᖶՐӝ⭕ಠ༦, 䘏ҕᱥ反问题ᡶީᗹⲺ䠃㾷问题. 䙐ᑮ, 反问题ਥ

ԛᱥԛс问题ҁж, 䘏ӑ问题ሯᓊ䘏р䘦ᗻ䴶ᶗԬⲺᵠ⸛:

1. ⺤ᇐ问题Ⲻ䜞分䗯⮂॰ต;

2. ᧞ሲ㌱㔕Ⲻ方程;

3. ⺤ᇐ方程Ⲻ䗯⮂ᶗԬૂ/ᡌٲࡓᶗԬ;

4. ⺤ᇐ方程ⲺḆѠᡌḆӑ৸ᮦ;

5. ⺤ᇐ方程Ⲻ源࠳ᮦ, 䶔喆⅗亯.

䖹ӄᐨ㔅㻡ᒵ⌑研究Ҽ两Ѡཐь㓠Ⲻ↙问题, 反问题Ⲻ㌱㔕ᙝ研究়ਨপᖾ

⸣, ҕᴿᴪཐᵠ䀙ߩⲺ䳴题. 䖹ӄ↙问题ᶛ䈪, 反问题Ⲻ≸䀙ᰖ䇰ᱥ䀙᷆р䘎ᱥᮦ

,рٲ ᖶᖶ䜳ᆎ൞ᴪཐⲺദ䳴: ެ㌱㔕Ⲻ䶔㓵ᙝᱥഖҁж, ռᴪཝⲺ䳴题൞ӄ反问

题Ⲻу䘸ᇐᙝ. 㘻ᰘሲ㠪Ҽཝ䜞分Ⲻ反问题ᰖ⌋ᤛᴿж䀙⭐㠩䀙уᆎ൞, ੂᰬ,

ཝ䜞分反问题Ⲻу䘸ᇐᙝҕᰖ⌋䇟䀙ሯ㿸⎁ᮦᦤ䘔㔣ד䎌ᙝ, 䗉ޛⲺᮦᦤѣᶷቅⲺ

ᢦࣞ䜳ਥ㜳ሲ㠪ᖾཝⲺ≸䀙䈥ᐤ. ഖ↚൞ሯ反问题Ⲻ䀙䘑㺂⨼䇰分᷆ૂᮦٲ≸䀙ᰬ,

ᙱՐሯ问题䘑㺂↙ࡏौᶛ䀙ߩ䘏ӑ问题, ׁྸਿ⍠䈰ཡ↙ࡏौȽ⁗ශ↙ࡏौㅿㅿ.
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1.2 ࠖ类䠃㾷Ⲻ反问题

1.2.1 ὣ഼方程ḥ㾵问题 (Cauchy Problems of Elliptic Equations)

ὣ഼方程ḥ㾵问题ѱ㾷ᓊ⭞ӄ✣Ỷ⎁Ƚ⭫⌋ऎ᧘Ƚ൦⨹⢟⨼ԛ㠩ӄॱᆜᡆ܅

ѣ [5–8]. ൞䘏类问题ѣ, ↙问题Ⲻ䀙ԛެ䗯⮂рⲺ⌋ੇሲᮦӻ൞䀙ᡶ൞॰ต䗯⮂

Ⲻж䜞分р㔏ᇐ, 㙂ެ֏䜞分Ⲻ䗯⮂ᮦᦤ⭧ӄ⢟⨼ᇔ僂рᡌࠖᵢ䓡䙖ᡆⲺദ䳴㙂

ᰖ⌋㧭ᗍ.ׁྸሯӄжѠ⸟ᖘ॰ต Ω = (0, 1)×(0, 1),ެ䗯⮂Ѱ ∂Ω = Γ1∪Γ2∪Γ3∪Γ0,

ྸഴ 1.1ᡶ⽰, ъᴿ Ω рⲺḥ㾵问题:

ഴ 1.1 ὣ഼方程ḥ㾵问题Ⲻ॰ต⽰ᝅഴ



Lu(x) = f x ∈ Ω,

u(x) = g1 x ∈ Γ1,
∂u(x)
∂n

= g1 x ∈ Γ2,

u(x) = ud x ∈ Γ2,
∂u(x)
∂n

= g3 x ∈ Γ3.

ެѣ LᱥжѠӂ䱬ὣ഼㇍ᆆ,f, g1, g2, g3, ud ൽѰᐨ⸛, ∂u
∂n

:= ∇u ·nᱥ䗯⮂⌋ੇሲᮦ.

൞反ḥ㾵问题ѣ, 䗯⮂ Γ0 рⲺᮦᦤᵠ⸛, 䴶㾷䙐䗽ᐨ㔏࠰Ⲻ䗯⮂ᶗԬؗᚥ⺤ᇐ, ⴤ

ⲺᱥѰҼ䘑ж↛≸䀙䘏ж方程Ⲻ↙问题. ሯӄḥ㾵反问题Ⲻᮦٲ≸䀙, ൞䗽ৱⲺп

ॷᒪѣᐨᴿҼ䇮ཐуੂⲺ方⌋, ׁྸᴶᰟ㻡⭞ᶛ≸䀙у䘸ᇐḥ㾵问题Ⲻਥ䘼方⌋

(quasi-reversibility method)[9,10], ᡌ㘻ᱥ䙐䗽䘣ԙԛެԌ↙ࡏौ方⌋≸䀙 [11,12].

1.2.2 ࠖ反问题 (Inverse geometric problems)

ࠖ反问题ᱥж类ᴿՍཐᓊ⭞Ⲻ反问题, ެѱ㾷反╊ሯ䊗Ѱ㕰ⴷⲺ॰ตᡌ䗯

⮂ᖘ⣬, ഖ↚, 䘏类反问题ਥԛ⭞ӄሯ䳒⻃⢟Ƚグ㞊Ƚᵸ⢟Ƚ㕰䲭Ƚグ䳏ᡌ㻸㕓ㅿ

॰ตᖘ⣬䘑㺂反╊ૂᔰ⁗. ਜཌ, ᆹԢҕ㻡ᒵ⌑ᓊ⭞൞ޮශⲺॱᆜᓊ⭞ѣ, ⭞ԛỶ⎁

䓡։䜞Ⲻ㛵ⱚㅿᔸᑮ߫.

ׁྸ反ᮙሺ问题 (Inverse Scattering Problem)[13] ѣⲺ反䳒⻃⢟ᮙሺ (inverse

obstacle scattering) 问题, Ѱ䙐䗽ᮙሺ⌘Ⲻ⌘൰ᮦᦤ反╊ൽश㜂Ქԁ䍞ѣⲺ䳒⻃

3
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⢟䗯⮂ᖘ⣬. 䇴 u(x) ᱥӂ㔪グ䰪рⲺᮙሺ⌘, 䏩ԛсӛ䵃ޯ方程┗ެࡏ

∆u(x) + κ2(1 + q(|x|))u(x) = 0, x ∈ R2, ∂|x|u− iκu = o(|x|−1/2), |x| → ∞.

(1.1)

ެѣ κ ᱥ⌘ᮦ,q(|x|) ԙ㺞䶔ൽ䍞ԁ䍞. ᮙሺ⌘Ⲻ䘒൰ᮦᦤ⭞反问题Ѱࡏ u∞ ᡌᱥ

䳒⻃⢟䗯⮂ཌ䜞ᴿ⮂⛯䳼рⲺᮙሺ⌘ u(x), ⺤ᇐ⢟։Ⲻ䗯⮂ᖘ⣬.

1.2.3 反㌱ᮦ问题 (Parameter identification problems)

微分方程Ⲻ反㌱ᮦ问题ᱥ反问题ѣⲺжѠ䠃㾷ᆆ类, 䘏ӑ㌱ᮦж㡢ԙ㺞Ҽ方程

ᡶᨅ䘦⢟⨼䗽程Ⲻ൞⢯䍞. ެѱ㾷ᓊ⭞Ⲻ亼ตૂ方程ᴿԛсࠖ类:

1. ✣Ֆሲ反问题 (Inverse heat transfer problems, IHTP)[14] ᱥж类㔅ޮᮦᆜ⢟

⨼反问题, ᆹⲺᮦᆜ⁗ශะӄᣑ⢟ශ偏微分方程. 㤛⢟։Ⲻᓜ分ᐹ൰ T (x, t)

൞॰ต Ω× (0, tmax] рᴿԛс方程㺞⽰:

C
∂T

∂t
=

∂

∂x

(
λ
∂T

∂x

)
+K

∂T

∂x
= 0, (x, t) ∈ Ω× (0, tmax],

T (x, 0) = f(x), x ∈ Ω,

T (x, t) = g(x, t), (x, t) ∈ ∂Ω× (0, tmax].

(1.2)

ެѣ C, λ,K ᱥᰬ䰪ᡌ/ૂグ䰪ީⲺ࠳ᮦ, 分ࡡ㺞⽰։〥✣ᇯ䠅, ✣ሲ⦽ૂ

ሯ⍷㌱ᮦ. 反㌱ᮦ问题Ѱ䙐䗽ᐨᴿⲺؗᚥૂࡏ T (x, t) ൞䜞Ḇ⛯Ⲻᓜ分ᐹ

h(t) ⺤ᇐ✣ሲ⦽ λ.

2. ᶆᯏ࣑ᆜᙝ䍞⺤ᇐᱥж类⭞ᕯᙝᶆᯏⲺᖘ程ᓜᮦᦤᶛ反╊ᶆᯏⲺ࣑ᆜᙝ

䍞Ⲻ反问题, ж㔪߫сᡇԢᴿԛсᮦᆜ⁗ශ:

∂2

∂x2

(
E(x)I(x)

∂2w

∂x2

)
= F (x), x ∈ (0, L)

w(0) = w′′(0) = w(L) = w′′(L) = 0.

(1.3)

ެѣ w(x) ᱥᖘᥖᓜ,E(x) ᱥᶞ≅⁗䠅,I(x) ᱥ䖢ࣞᜥ䠅,F (x) ᱥ䱺ࣖⲺཌ䜞

㦭䖳࣑. ᆜ࣑ᨆс反╊ᶆᯏⲺࢃᖘᥖᓜⲺૂ࣑反问题Ⲻᨅ䘦Ѱ൞㔏ᇐ䍕䖳ࡏ

ᙝ䍞 E(x)I(x).

3. ⭫䱱ᣍᯣቸᢡᨅ问题 (Electrical impedance tomography, EIT)[15] ᱥжѠ⭞

⢟䍞㺞䶘⎁䠅ᗍࡦⲺ⭫⍷ૂ⭫ু⺤ᇐ⢟䍞䜞䱱ᣍ分ᐹⲺ反问题, ެᮦᆜ⁗ශ

ᱥжѠὣ഼偏微分方程:

−∇ · (σ(x)∇u(x)) = 0, x ∈ Ω ⊂ Rd

u(x) = f(x), x ∈ ∂Ω.
(1.4)

4
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ެѣ u Ѱ⭫ু分ᐹ,f ᱥ䗯⮂⭫ু,σ(x) ᱥ䴶㾷反╊≸䀙Ⲻ⭫ሲ⦽㌱ᮦ. ഖ↚䘏

ж问题Ⲻᮦᆜᨅ䘦Ѱ䙐䗽䗯⮂Ⲻ⭫ু分ᐹ f(x) ૂ⭫⍷分ᐹ σ(x)∂u(x)
∂n
⺤ᇐ

Ω ॰ตрⲺ σ(x).

4. ༦⌘Ⲻ反ԁ䍞问题 (Inverse medium problem)[16] ᱥ反ᮙሺ问题 (Inverse scat-

tering problem) ѣⲺਜжѠ类ශ, 问题ᶺᡆѰ൞┗䏩ᕅ(1.1)Ⲻะр, 䙐䗽㔏

ᇐ䗯⮂рⲺ⌘൰ᮦᦤ u(x) ૂж㌱ࡍ⌘ᮦ κi ⺤ᇐᵠ⸛Ⲻԁ䍞⢯ᖷ q(|x|).

1.2.4 反源问题 (Source identification problems)

ᵢ䇰ᮽⲺ研究ᐛ֒ѱ㾷䳼ѣ൞䘏类反问题р, 㔅ޮⲺ反源问题ᱥ൞ᐨ⸛ᓊᇐ

䀙Ⲻ↙问题䀙Ⲻ䜞分ؗᚥૂ方程Ⲻ䗯⮂ᶗԬⲺ߫с, 研究ྸ⺤ᇐެ方程ѣᵠ⸛

Ⲻ䶔喆⅗亯, ᡌ䶔喆⅗亯Ⲻ䜞分࠳ᮦⲺ问题. 㙂൞䗽ৱⲺࠖॷᒪ䠂, ഖެ㠠䓡൞亼

ตⲺ䠃㾷ᓊ⭞ૂ䇗㇍ᮦᆜⲺ伔䙕ਇኋ, ᰖ䇰Ԅ⢟⨼ૂᐛ程亼ต [17,18], 䘎ᱥԄᮦᆜ亼

ต [19], 反源问题䜳ᗍࡦҼཝ䠅Ⲻީ⌞ૂ研究, ׁྸ✣源᧞ᇐ [20], ⭫൰Ⲻ源亯反

╊ [21], ӛ䵃ޯ方程Ⲻ源亯反╊ㅿㅿ.

1.3 随机反源问题

随机反源问题Ⲻᱥᑜᴿу⺤ᇐ亯Ⲻ反源问题, 䘇ᒪᶛ൞类ᮦᆜ⁗ශѣᗍࡦ

Ҽᒵ⌑Ⲻᓊ⭞. 䘏ᱥഖѰ随机亯ਥԛ⭞ᶛ㺞⽰Ḇӑ㌱㔕ᵢ䓡ቧᑜᴿⲺ随机ᙝ, ᡌ㺞

⽰㌱㔕ѣᰖ⌋⺤ᇐⲺ৸ᮦ, Ӝᡌᱥ⭞ӄ㙜ਾ䛙ӑуੂተᓜⲺᒨᢦ, ቚެᱥ䘏ӑᒨᢦ

Ⲻ䠅㓝ᐤ䐓ᖾཝⲺᰬُ. ռ⭧ӄެ随机ᙝૂу⺤ᇐᙝ, 䖹ӄ⺤ᇐᙝⲺ反源问题, 随

机反源问题䲚Ҽᵢ䓡ᆎ൞Ⲻу䘸ᇐᙝҁཌ䘎ᆎ൞䇮ཐᴪཐⲺദ䳴. ׁྸ, уੂӄ

⺤ᇐᙝ反问题Ⲻ㔅ޮ䀙, 随机反问题Ⲻ䀙ᱥжѠ随机࠳ᮦ, ഖ↚, ᢴࡦ随机ᙝсḆж

Ѡᇔ⧦Ⲻ䀙ᱥ⋗ᴿᝅѿⲺ, 㙂ᑮ⭞ӄ䇗㇍㔕䇗䠅㫏⢯গ⍑方⌋ᖶᖶ䴶㾷∊ᓊⲺ㔅

ޮ反问题ཐࠖѠᮦ䠅㓝Ⲻ䇗㇍䍺源, ഖ↚ᡇԢ䴶㾷ሱᢴᴪਾ䘸Ⲻ⁗ශૂ㇍⌋ᶛ䀙ߩ

䘏类问题.

ታ㇗ሯ反问题ԛެѣ反源问题Ⲻ㌱㔕研究ᐨ㔅ᴿҼ䮵䏩Ⲻਇኋ, ռᱥᡇԢሯ

随机߫сⲺ反源问题Ⲻ研究䘎ᖾ⅖㕰. ቧᡇԢᡶ⸛, 䘏类问题ᴶᰟ䎭ӄሯ⌘Ֆ

问题Ⲻ研究, 䘏ҕ㻡䇚Ѱᱥ䀙ߩ反ሺቸ᷆ᡆ܅ȽะӄᢟᮙⲺݿᆜቸ᷆ᡆ܅Ƚૂ㦝ݿ

ᱴ微䮒ᡆ܅ [22] ㅿ问题Ⲻะᵢᐛޭ.1979 ᒪ Devaney[23] 䇷᱄Ҽެ随机源Ⲻ㠠ީ

方程ਥԛ㻡ᓊⲺ随机⌘൰Ⲻ㠠ީ方程ж. ᴶ䘇, ж〃᯦仌ъᴿ᭾Ⲻ方⌋

ᨆ࠰ਥԛሼ随机源㺞⽰ѰжѠ㔪㓩䗽程. ൞䘏ṭⲺٽ䇴с, ж㔪ᖘс⌘ⲺՖਥ
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ԛ⭧жѠグ䰪рᑜᴿⲳಠ༦Ⲻ随机ӛ䵃ޯ方程㺞⽰:

∆u(x, ω) + ω2(1 + q(x))u(x, ω) = f(x),

lim
r→∞

r
d−1
2 (∂ru− iωu) = 0, r = |x|.

䘏䠂随机源⭧ж㔪ⲳಠ༦傧ࣞ f(x) = g(x) + h(x)dWx, ֒㘻䪾ሯൽशԁ䍞 (q(x) =

0)[24] ૂ䶔ൽशԁ䍞 (q(x) ̸= 0)[25] Ⲻ߫分ࡡᔶਇҼᴿ᭾Ⲻ䇗㇍方⌋, ᇔ⧦Ҽ⭞

ཐ仇⦽с随机⌘൰ u Ⲻ䗯⮂⎁䠅ᮦᦤᶛ反╊随机源࠳ᮦⲺൽૂٲ方ᐤ. 随, [26,27]

ሼ䘏ṭⲺⲳಠ༦⁗ශ᧞ᒵࡦӂ㔪ૂ儎㔪グ䰪, ᇐѿҼᖟ㢨ಠ༦傧ࣞсⲺ随机ӛ䵃

ޯ方程. ᒬ㔏࠰Ҽެ⨼䇰рⲺ䘸ᇐᙝ䇷᱄, ᨆ࠰Ҽᴿ᭾Ⲻᮦٲ㇍⌋.

随, 䇮ཐ研究㘻൞ӛ䵃ޯ方程随机反源问题Ⲻਇс, ะӄ类ެԌ⢟⨼

方程ᨆ࠰ҼᓊⲺ随机反源问题. [28] 䪾ሯ㓩㊩ᶆᯏሯ⧥ູᒨᢦᮅⲺ⢯ᙝ, ሼ⧥ູ

ಠ༦ᨅ䘦Ѱж㔪グ䰪рⲺⲳಠ༦, ᨆ࠰Ҽж㔪Ⲻ⅝ե࣠方程Ⲻ随机反源问题:

∂2

∂x2

(
E(x)I(x)

∂2w

∂x2

)
= Fkδ(x− y) + g(x) + h(x)dWx,

w(0) = w′′(0) = w(L) = w′′(L) = 0,

ᒬ⭞ঋ⛯࣑Ⲻᥖᓜ wᶺ䙖࠰⧥ູಠ丩Ⲻ㔕䇗⢯ᙝᒬ≸䀙࠰ᶆᯏⲺᶞ≅⁗䠅 E(x)

ૂ䖢ࣞᜥ䠅 I(x).

䲚↚ҁཌ, 研究㘻Ԣҕሼ随机源Ⲻᨅ䘦方ᕅ䘑㺂Ҽ᧞ᒵ. ൞ [29] ѣθ研究㘻Ԣ䪾

ሯᰬ䰪分ᮦ䱬ᢟᮙ方程
∂α
t u(x, t)−∆u(x, t) = f(x)h(t) + g(x)ḂH(t), (x, t) ∈ D × (0, T ), α ∈ (0, 1)

u(x, t) = 0, (x, t) ∈ ∂D × [0, T ],

u(x, 0) = 0, x ∈ D

ሼ问题ѣⲺ随机源㺞䘦Ѱᰬ䰪ตр分ᮦ䱬Ⲻᐹᵍ䘆ࣞ傧ࣞⲺ䗽程, ᒬ䇷᱄Ҽެ↙问

题Ⲻ䘸ᇐᙝૂ൞жᇐٽ䇴с反问题Ⲻжᙝ, ൞ੂṭⲺ随机源ᨅ䘦с, [30] 䇷᱄Ҽ分

ᮦ䱬⌘ࣞ方程,  α ∈ (1, 2) ᰬⲺ随机反源问题↙问题Ⲻ䘸ᇐᙝૂ反问题Ⲻу䘸ᇐ

ᙝ, ᒬ䈪᱄Ҽެ൞ⲳಠ༦߫с反问题Ⲻжᙝ. [31] ሼ随机源ᇐѿѰ⭧ᒵѿⲺ儎ᯥ

随机䗽程傧ࣞ, ሼެঅ方ᐤ㇍ᆆ㺞䘦ѰжѠ㔅ޮⲺՠ微分㇍ᆆ. ᒬሯ䘏ṭ随机ᙝс

Ⲻӂ㔪п㔪Ⲻӛ䵃ޯ方程ૂᕯᙝ⌘方程䘑㺂Ҽ⨼䇰分᷆. 䙐䗽ሯ随机⌘൰Ⲻ㋴

⺤㺞䗴ૂ微ቶต分᷆, ᧞ሲ࠰ҼᓊⲺ㓵ᙝ〥分方程, ሼঅ方ᐤ㇍ᆆⲺѱㅜਭф随

机源Ⲻঋжᇔ⧦ӝ⭕ⲺᮙሺᮦᦤⲺᑻᓜ㚊㌱䎭ᶛ, ᒬะӄ䘏〃ީ㌱, ᗍࡦҼӛ䵃

ޯૂᕯᙝ⌘方程随机源ѱㅜਭᚘགྷⲺжᙝ. [32] ൞ੂṭⲺ随机源ᨅ䘦с研究Ҽࡏ

ਂ䈹ૂ⌘ࣞ方程Ⲻ↙问题ૂ反问题, 䇷᱄Ҽެ↙问题൞分ᐹᝅѿсⲺ䘸ᇐᙝૂ反问

6
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题ѣ, 随机源ᕰᓜਥԛ㻡仇ตрⲺᒩൽ⌘൰ᑻᓜж⺤ᇐ. [33] ѣࡏሼ随机源᧞ᒵѰ

分ᐹᝅѿсⲺགྷ儎ᯥੇ䠅൰, ሼ随机源Ⲻঅ方ᐤ㇍ᆆᇐѿѰޭᴿགྷᕰᓜ⸟䱫Ⲻՠ微

分㇍ᆆ, ᒬ研究Ҽ䘏〃随机傧ࣞсⲺп㔪哜ށᯥ东方程㓺. 䇷᱄Ҽ䈛↙问题分ᐹᝅ

ѿсⲺ䘸ᇐᙝ, ԛ随机源Ⲻ微ީᕰᓜ⸟䱫ਥԛ㻡⭫൰ᵕᵑⲺ儎仇ᶷ䲆ж⺤ᇐ,

ެᕰᓜ⸟䱫ҕਥ㻡仇ตрᒩൽ⭫൰ᑻᓜж⺤ᇐ.

1.4 ᵢᮽⲺ研究ᇯф㓺㓽㔉ᶺ

ᵢᮽሼ䪾ሯⴤࢃ随机反源问题ቐъグⲳⲺ䜞分,ะӄᐨᴿⲺ㇍⌋ૂ⨼䇰ะ,分

,ሯӂ㔪ਂ䈹ૂ方程Ⲻ随机反源问题ࡡ ԛж㔪ᴿ⮂॰ตૂ儎㔪ᰖ⮂॰ตсⲺ分ᮦ

䱬ᢟᮙ方程൞グ䰪随机源сⲺ反问题䘑㺂研究. ᵢᮽⲺѱ㾷㔉ᶺྸс:

ㅢ 1ㄖѰ㔠䇰䜞分. 俌ݾᡇԢԁ㔃Ҽᵢᮽ研究ᇯⲺ㜂Ქૂᝅѿ, ᒬㆶঋԁ㔃Ҽ

反源问题ԛ随机反源问题Ⲻᇐѿૂਇኋ়ਨ. ᒬᖈ㓩ᙱ㔉Ҽ随机源с反问题Ⲻ⧦

ᴿ⨼䇰㔉᷒ૂᮦٲ㇍⌋Ⲻਇኋ⧦⣬, ᴶᾸ䘦ҼᵢᮽⲺѱ㾷研究ᇯૂ㓺㓽ᷬᶺ.

ㅢ 2ㄖԁ㔃Ҽᵢᮽᡶ䴶㾷Ⲻ人༽⸛䇼.ѱ㾷ऻᤢ问题䘸ᇐᙝⲺᇐѿȽ⧦ᴿⲺ↙ࡏ

ौ方⌋Ⲻԁ㔃Ƚԛ随机源ⲳಠ༦ૂᴿ㢨ಠ༦Ⲻᇐѿૂީᙝ䍞ㅿ.

ㅢ 3ㄖѣ, 䪾ሯᴿ㢨ಠ༦傧ࣞсⲺӂ㔪ਂ䈹ૂ方程, ᡇԢݾ䈪᱄Ҽ䘏ж方程ᡶԙ

㺞Ⲻ⢟⨼⁗ශ, ᒬᗍ࠰Ҽ䘏ж随机微分方程Ⲻ↙问题ᕧ䀙Ⲻ䀙᷆㺞䗴ᖘᕅ, Ԅ⨼䇰

р䇷᱄Ҽ䈛ᕧ䀙Ⲻ䘸ᇐᙝૂжᙝ. 随൞≸䀙反问题ᰬ, ᡇԢሼެ䖢ौѰ≸䀙两

Ѡㅢж类 Fredholm 〥分方程问题, ᒬъ⭞ਿ⍠䈰ཡ↙ࡏौሼ䘏жу䘸ᇐⲺ问题

䖢ौѰਥԛ≸䀙Ⲻ䘸ᇐᙝ问题. ൞ⲳಠ丩ⲺᶗԬс䘑㺂Ҽᮦٲᇔ僂, 㔏࠰Ҽᴿ᭾Ⲻ

ᮦٲ㇍⌋. 䈛䜞分Ⲻ研究ᡆ᷒ᐨ㔅ਇ㺞൞Ҽ SCIᵕࡀ Inverse Problems and Imaging

р.

ㅢ 4ㄖѣ, ᡇԢ䪾ሯグ䰪ตрⲳಠ༦傧ࣞсⲺж㔪分ᮦ䱬ᢟᮙ方程䘑㺂研究. ᡇ

Ԣڻ⭞䠂ਬᦘሼ问题䖢ौѰжѠ仇ตрⲺ两⛯䗯ٲ问题, ᒬ䇷᱄Ҽ两㘻Ⲻㅿ

ԭᙝ. 随ᡇԢሯ仇ตр↙问题Ⲻ䘸ᇐᙝૂެ反问题Ⲻуどᇐᙝ䘑㺂䱆䘦ᒬ㔏࠰

ᓊⲺզ䇗ૂ䇷᱄, ᒬъ䈪᱄ਥԛ䙐䗽问题㓾ᰬࡱⲺ䀙Ⲻൽٲж⺤ᇐ仇ตр随机

源Ⲻڻ䠂ਬᦘ⁗. 随, ᡇԢ⭞ PhaseLift ㇍⌋൞ᮦٲр䘑㺂փ䘎, 䙐䗽໔

ࣖ䚤㖟Ⲻ方⌋ж⺤ᇐҼ问题随机源Ⲻ㔕䇗ᙝ䍞. ᒬ㔏࠰Ҽᴿ᭾Ⲻ㇍⌋ૂᮦٲᇔ

ׁ. 䈛䜞分Ⲻ研究ᡆ᷒ᐨ㔅ਇ㺞൞Ҽ反问题亼ต⸛ᵕࡀ Inverse Problems р.

ㅢ 5ㄖሼ൞ржㄖⲺะрሯཐ㔪߫сᰖ䗯⮂Ⲻ分ᮦ䱬ᢟᮙ方程Ⲻ随机反源

问题Ⲻ⨼䇰䘑㺂研究ૂ分᷆. ᡇԢ⭞фржㄖੂⲺ方⌋, ሼ问题䙐䗽ڻ䠂ਬ

ᦘㅿԭ൦䖢ᦘѰ仇ตрⲺ类ӛ䵃ޯ方程 (Modified Helmholtz equation), ᒬъ䙐

䗽䖢ᦘⲺ仇ต问题ⲺṲ᷍࠳ᮦᗍެ࠰↙问题䀙Ⲻ䘸ᇐᙝ, Ԅ㙂反᧞ᗍ࠰问题䀙

Ⲻ䘸ᇐᙝզ䇗. 随㔏ެ࠰ᢟᮙ㌱ᮦ反╊Ⲻ㺞䗴ީ㌱ᕅ, 㔏࠰Ҽ反问题≸䀙Ⲻᆎ൞
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жᙝ, ᒬሯެ反╊Ⲻуどᇐᙝ㔏࠰Ҽ䈪᱄ૂ䱬ᮦզ䇗.

ㅢ 6 ㄖሯᵢᮽⲺѱ㾷ᇯૂ䍗⥤䘑㺂Ҽᙱ㔉ૂഔ亴, ᒬሯᵠᶛ䘑ж↛Ⲻᐛ֒ਇ

ኋ䘑㺂Ҽኋᵑ. 㲳❬ⴤࢃሯ随机反源问题Ⲻ研究ᴿҼཝ䠅Ⲻᡆ᷒, ռᱥሯӄ䇮ཐᴪ

Ѱж㡢߫сⲺ随机源ૂф⧦ᇔᴪѰ྇ਾⲺ方程, 䈛方⌋䘎ᴿ䘏ᖾཐ⅖㕰. ੂᰬ⭧

ӄ随机问题Ⲻ䇗㇍གྷᵸ程ᓜ䖹ӄ⺤ᇐᙝ问题ཝཝ໔ࣖ, ᴿӄᮦٲр䇗㇍随机反

源问题Ⲻ㇍⌋䘎ᴿᖾཝⲺᨆॽグ䰪.

8
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2 人༽⸛䇼

2.1 у䘸ᇐᙝф↙ࡏौ方⌋

2.1.1 䘸ᇐфу䘸ᇐ问题

Ԛ A : X → Y , ᱥжѠ䘔㔣㇍ᆆ, ެѣ X ૂ Y ൽѰ䎁㤹㓵ᙝグ䰪, ཝ䜞分ᮦࡏ

ᆜ⢟⨼问题, ቚެᱥૂٲࡓ䗯ٲ问题, 䜳ਥԛ㺞⧦Ѱྸсᖘᕅ:

A(f) = g, (2.1)

ެѣ f ∈ X,g ∈ Y . ሯӄ䘏ж方程,J.Hadamard ൞ 20 ь㓠ࡓ㔏࠰Ҽީӄެ䘸ᇐᙝⲺ

ᇐѿ [34]:

定义 2.1：㤛䰤从(2.1)┗䏩сࡍᶗԬ, :ਥԛ䈪ᆹᱥ䘸ᇐⲺࡏ

(i) ሯԱᝅⲺ g ∈ Y , ᆎ൞ f ∈ X ┗䏩(2.1)(䀙Ⲻᆎ൞ᙝ).

(ii) ሯԱᝅⲺ g ∈ Y , ┗䏩ᯯぁ(2.1)Ⲻ䀙 f ∈ X ᱥжⲺ (䀙Ⲻжᙝ).

(iii) 䀙൞ g ᆎ൞ᢦࣞⲺ߫сᱥどᇐⲺ, 㤛 Af∗ = g∗ ъ Af = g, 䛙Ѿᖉ ∥g −
g∗∥ → 0 ᰬ, ҕᴿ ∥f − f∗∥ → 0(䀙Ⲻどᇐᙝ).

ެѣㅢ (iii) ᶗ㾷≸ᱥഖѰ൞ᡶᴿᓊ⭞ѣ, ᮦᦤ䜳ᱥ⎁䠅ٲ, ഖ↚, ᡇԢ䴶㾷⺤ؓᮦᦤ

ѣⲺቅ䈥ᐤਠՐሲ㠪䀙ѣⲺቅ䈥ᐤ. 㙂㤛р䘦ᶗԬѣᴿԱᝅжᶗу㻡┗䏩, 䛙Ѿᡇ

Ԣ䈪䰤从(2.1)൞ Hadamard ᝅѿсᱥу䘸ᇐⲺ.

ᦘ㙂䀶ҁ, ᡇԢҕਥԛᴪѰћṲ൦㔏࠰䘸ᇐᙝⲺᮦᆜᇐѿ [16]:

定义 2.2：㤛ᯯぁ(2.1)ѣ, ㇍ᆆ A ᱥਂሺⲺъᆎ൞䘔㔣Ⲻ䘼㇍ᆆ A−1 : Y → X, ࡏ

ᯯぁ(2.1)ᨅ䘦ҼжѠ Hadamard ᝅѿс䘸ᇐⲺ䰤从. ੜࡏ〦䰤从(2.1)ᱥу䘸ᇐⲺ.

⌞ᝅࡦ൞ᇐѿѣ, 方程ᡌ㇍ᆆⲺ䘸ᇐᙝᱥ⭧㇍ᆆ A ᵢ䓡Ⲻኔᙝ䘔ੂ䀙グ䰪 X

ૂᮦᦤグ䰪 Y Ⲻཝቅԛެ㿺ᇐⲺ㤹ᮦߩᇐⲺ.ഖ↚,൞Ḇӑ߫с,方程Ⲻу䘸ᇐ

ᙝਥԛ䙐䗽᭯グ䰪ཝቅެ㤹ᮦᶛ䀙ߩ, ռᱥ, 䘏〃方⌋ᖶᖶᱥуཕⲺ, ഖѰグ䰪

X ૂ Y , ԛᆹԢⲺ㤹ᮦᱥ⭧ᇔ䱻䴶㾷ߩᇐⲺ, ⢯ࡡᱥグ䰪 Y ެ㤹ᮦ, ᗻ亱㜳ཕ

.ᨅ䘦⎁䠅ᮦᦤⲺグ䰪ૂѿ⺤ ṯᦤр䘦ᇐѿ, ሼу䘸ᇐ问题ࡈ分Ѱԛсп类:

• ྸ᷒ A уᱥ┗ሺⲺ, ᆎ൞ࡏ g ∈ Y , ֵᗍ X ѣуᆎ൞┗䏩方程(2.1)Ⲻ䀙 f .(䀙

Ⲻуᆎ൞ᙝ)

9
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• ྸ᷒ A уᱥঋሺⲺ, 䛙Ѿ方程(2.1)ࡏਥ㜳у↘жѠ䀙ᆎ൞.(䀙Ⲻужᙝ)

• ྸ᷒ A−1 ᆎ൞, ռᱥу䘔㔣, 䛙Ѿ方程(2.1)Ⲻ䀙 f 䎌ӄᮦᦤדу䘔㔣ࡏ g.(䀙

Ⲻуどᇐᙝ)

ެѣ, ᴶ䘏类у䘸ᇐ问题ᱥ研究у䘸ᇐ问题Ⲻ䠃⛯. ਜཌ, 䘏пѠᶗԬж㡢ᶛ䈪у

ᱥᇂޞ⤢Ⲻ, ׁྸԛс两〃߫:

• 㤛Aᱥ㓵ᙝ㇍ᆆ,䛙Ѿᖉъӻᖉ䀙Ⲻᆎ൞ᙝૂжᙝ┗䏩,ᡌㅿԭ൦ᴿNull(A) =
0 ъ Range(A) = Y ᰬ, 方程(2.1)ᱥ䘸ᇐⲺχ

• 㤛 A ᱥжѠ Rn рⲺ㓵ᙝ㇍ᆆ, 䛙Ѿᖉъӻᖉ䀙Ⲻᆎ൞ᙝᡌжᙝԱжᙝ䍞

┗䏩ᰬ, 方程(2.1)ᱥ䘸ᇐⲺ.

定义 2.3：жѠᴿ⮂㓵ᙝ㇍ᆆ A : X → Y ᱥ㍝Ⲻ, ᖉъӻᖉެሼԱᝅᴿ⮂䳼᱖ᡆ㍝

䳼. ᴿ⮂䳼Ⲻ܅Ⲻ䰣ऻᱥ Y ѣⲺ㍝ᆆ䳼.

定理 2.1：㓵ᙝ㇍ᆆ A : X → Y ᱥ㍝Ⲻ, ᖉъӻᖉሯӄ X ѣⲺԱᝅᴿ⮂ᓅࡍ

(fn), (Afn) ൞ Y ѣᆎ൞᭬ᮑⲺᆆᓅࡍ.

定理 2.2：㤛 X ᱥжѠ䎁㤹グ䰪ъ Y ᱥᐪᤵ䎡グ䰪, Ԛ An : X → Y ᱥжᰅ㓵ᙝ

㍝㇍ᆆ, ъד㤹ᮦ᭬ᮑࡦжѠ㓵ᙝ㇍ᆆ A;X → Y ,  ∥An −A∥ → 0, n→∞. ㇍ࡏ

ᆆ A ᱥ㍝㇍ᆆ.

定理 2.3：Ԛ X, Y ૂ Z 䜳ᱥ䎁㤹グ䰪, ъ A : X → Y ૂ B : Y → Z ൽѰᴿ⮂㓵

ᙝ㇍ᆆ. 䛙Ѿྸ᷒㇍ᆆ A ᡌ B ҁжᱥ㍝㇍ᆆ, གྷਾ㇍ᆆࡏ BA : X → Z ᱥ㍝Ⲻ.

证明 ：Ԛ (fn) ᱥ X ѣⲺᴿ⮂ᓅࡍ. ྸ᷒ A ᱥ㍝Ⲻ, ⨽ᇐ⭧ࡏ 2.1, ᆎ൞жѠᆆᓅ

ࡍ fn(k), ֵᗍ Afn(k) → g ∈ Y, k → ∞. ഖѰ B ᱥᴿ⮂Ⲻ, ഖ↚ҕᱥ䘔㔣Ⲻ, ᡇԢᴿ

B(Afn(k))→ Bg ∈ Z, k →∞. ഖ↚ BA ᱥ㍝Ⲻ. 㙂ྸ᷒ A ᱥᴿ⮂Ⲻъ B ᱥ㍝Ⲻ, 䛙

ѾഖѰᴿ⮂㇍ᆆሼᴿ⮂䳼᱖ሺѰᴿ⮂䳼, ᓅࡍ (Afn) ൞ Y ѣᱥᴿ⮂Ⲻ, ഖ↚, ᆎ൞

жѠᆆᓅࡍ fn(k) ֵᗍ (BA)fn(k) = B(Afn(k))→ h ∈ Z, k →∞. ഖ↚ BA ᱥ㍝Ⲻ.

定理 2.4：ᚈㅿ㇍ᆆ I : X → X ᱥ㍝Ⲻ, ᖉъӻᖉ X ᱥᴿ䲆㔪グ䰪.

证明 䇴ٽ： I ᱥ㍝Ⲻъ X Ѱᰖキ㔪グ䰪, 䘿Աᝅ f1 ∈ X ъ ∥f1∥ = 1, ࡏ

U1 := span{f1} ᱥжѠᴿ䲆㔪Ⲻ X グ䰪рⲺ䰣ᆆグ䰪. ⭧ Riesz ᕋ⨼ᡇԢ⸛䚉ᆎ൞

f2 ∈ X, ∥f2∥ = 1 ъ┗䏩 ∥f2 − f1∥ ≥ 1/2. 㘹㲇グ䰪 U2 := span{f1, f2}, ⭧߃ Reisz
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ᕋ⨼ᡇԢ⸛䚉ᆎ൞ f3 ∈ X, ∥f3∥ = 1 ъ┗䏩 ∥f3 − f1∥ ≥ 1/2, ∥f3 − f2∥ ≥ 1/2. 䠃གྷ

сৱ, ᡇԢᗍࡦҼᓅࡍ (fn), ┗䏩 ∥fn∥ = 1 ъ ∥fn − fm∥ ≥ 1/2, n ̸= m. 䘏䈪᱄ (fn)

ѣуᆎ൞᭬ᮑᆆࡍ, Ԅ㙂ф I ᱥ㍝㇍ᆆ⸑ⴴ. ഖ↚, ྸ᷒ᚈㅿ㇍ᆆᱥ㍝Ⲻ, ެሯᓊⲺ

グ䰪 X ᗻ❬ᱥᴿ䲆㔪.

定理 2.5：Ԛ Ω ⊂ Rn ᱥжѠ䶔グ㍝䳼ъ㓜ᖉਥ⎁. Ԛ K : Ω × Ω → C ᱥжѠ䘔㔣
.ᮦ࠳ 㓵ᙝ㇍ᆆࡏ A : C(Ω)→ C(Ω):

(Af)(x) :=
∫
Ω

K(x, y)f(y)dy, x ∈ Ω, (2.2)

㻡〦Ѱᴿ䘔㔣Ṯ࠳ᮦ K Ⲻㅢж㊱〥࠼㇍ᆆ, ъᆹᱥжѠᴿ⮂㓵ᙝ㇍ᆆ.

∥A∥∞ = max
x∈Ω

∫
Ω

|K(x, y)|dy.

定义 2.4：ᡇԢ〦〥࠼㇍ᆆⲺṮᱥᕧཽᙝⲺ, ᖉṮ࠳ᮦ K(x, y) ᱥ䘸ᇐⲺъሯӄԱ

ᝅ x, y ∈ Ω, x ̸= y 䜳ᱥ䘔㔣Ⲻ, ъᆎ൞ᑮᮦ M > 0 ૂ α ∈ (0,m], ֵᗍሯӄԱᝅ

x, y ∈ Ω, x ̸= y ᡇԢᴿ:

|K(x, y)| ≤M |x− y|α−m.

定理 2.6：ᑜᴿ䘔㔣Ṯ࠳ᮦᡌ㘻ᕧཽᙝṮ࠳ᮦⲺ〥࠼㇍ᆆᱥ C(Ω) рⲺ㍝㇍ᆆ.

定理 2.7：㤛 X ૂ Y ൽѰ䎁㤹グ䰪ъ A : X → Y Ѱㅢж㊱〥࠼㇍ᆆ(2.2), ᖉࡏ X

уᱥᴿ䲆㔪グ䰪ᰬ, ᯯぁ Af = g ᱥу䘸ᇐⲺ.

证明 ：⭧ᇐ⨼ 2.6ਥᗍ〥࠼㇍ᆆ A ᱥжѠᴿ⮂㓵ᙝ㍝㇍ᆆ, ᇐѿ㇍ᆆ A−1A = I :

X → X ᱥᚈㅿ㇍ᆆ, ⭧ᇐ⨼ 2.4ਥᗍᖉ X уᱥᴿ䲆㔪グ䰪ᰬ, ㇍ᆆ A−1A уᱥ㍝
Ⲻ, Ԅ㙂⭧ᇐ⨼ 2.3ਥ⸛㇍ᆆ A−1 ᱥᰖ⮂㇍ᆆ, ഖ↚ҕᱥу䘔㔣Ⲻ. Ԅ㙂ᗍ䇷㇍ᆆ A
уᆎ൞䘔㔣Ⲻ䘼㇍ᆆ, Ԅ㙂ᗍ䇷ᯯぁ Af = g ᱥу䘸ᇐⲺ.

ഖѰᡇԢ⸛䚉у䘸ᇐᙝՐᑜᶛ䀙ሯ䗉ޛᮦᦤד䎌ᙝⲺ㕰ཧ, 㙂ᡇԢਥԛሼ方程

㺞䗴Ⲻᮦٲ䘇ղⵁڐѰᑜᴿᢦࣞᮦᦤⲺ߫, ᡶԛㅢж类〥分方程Ⲻу䘸ᇐᙝՐሯ

ެᮦٲ䇗㇍ӝ⭕ᖧଃ. ൞䘏〃߫с⭞ᑮ㿺Ⲻᮦٲ⿱ᮙ㇍⌋≸䀙у䘸ᇐᙝ问题ሼ

у߃䘸⭞. ഖѰ㇍ᆆ A уᆎ൞ᴿ⮂䘼ᝅެᴿ䲆㔪䙲䘇ⲺᶗԬᮦՐ随䙲䘇㋴ᓜ
Ⲻ໔䮵㙂໔䮵. Ԅ㙂ֵᗍ໔ࣖ㇍ᆆ A Ⲻ䙲䘇㋴ᓜ, 反㙂Րሲ㠪方程 Af = g Ⲻ䘇ղ

䀙ᗍ䏀ᶛ䏀ཧৱᝅѿ.
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Ԅᮦٲ⿱ᮙⲺ䀈ᓜрᶛⵁ, 䇴方程(2.1)⿱ᮙौⲺᮦᦤ⁗ශѰ

Kftrue + e = g, ∥e∥ > 0, (2.3)

ެѣ ∥ · ∥㺞⽰Ⲻᱥ⅝ࠖ䠂ᗍ㤹ᮦ,eᱥжѠ n㔪ੇ䠅,ԙ㺞ᮦᦤ䈥ᐤ,K ᱥжѠ n×m

⸟䱫, ԙ㺞⿱ᮙⲺ㇍ᆆ A,ftrue ∈ Rm ⵕᇔ䀙⿱ᮙᗍࡦⲺੇ䠅. ൞䘏䠂ᡇԢ䇴 K

ᱥжѠਥ䘼, ᇔٲⲺ⸟䱫, ሯࡏ K ᴿཽᔸٲ分䀙 (SVD),

K = Udiag(si)V T ,

ެѣཽᔸٲ si ᱥћṲ↙Ⲻ䙈ࠅᓅࡍ,V Ⲻੇࡍ䠅 vi 〦Ѱཽᔸੇ䠅,U Ⲻੇࡍ䠅 uj

〦Ѱᐜཽᔸੇ䠅, ъ┗䏩

uT
i uj = δij, vTi vj = δij,

Kvi = siui, KTui = sivi.

䘏䠂 δij ᱥށ㖍ށ δ ,ᮦ࠳ 

δij =

{
0, i ̸= j,

1, i = j,

ъ U ૂ V ⲼѰ䝿⸟䱫,  UT = U−1, V T = V −1. ഖ↚ᡇԢᴿԛсީ㌱:

K−1g = V diag(s−1
i )UTg = ftrue +

n∑
i=1

s−1
i (uT

i e)vi. (2.4)

ഖ↚, Ԅᮦٲ䀈ᓜᶛⵁ, ሲ㠪≸䀙㔉᷒уどᇐⲺഖ൞ӄ䗽ቅⲺཽᔸٲ. Ԅ㙂, Ԅᮦ

.⨽༻䘑㺂䘑ж↛Ⲻٲਇ⛯൞ӄሯཽᔸ࠰р༺⨼у䘸ᇐ问题Ⲻٲ

2.1.2 ⌊ौ方ࡏ↙

⭞ӄ≸у䘸ᇐᙝ问题どᇐ䘇ղ䀙Ⲻ方⌋〦Ѱ↙ࡏौ方⌋. ൞ᵢ㢸Ⲻԁ㔃ѣ, ᡇ

Ԣሼٽ䇴㓵ᙝ㇍ᆆ A ᱥжжሯᓊⲺ, 䘏ᱥഖѰਠ㾷ᡇԢਾ⨼൦㿺ᇐ䀙グ䰪 X, ᡇԢ

ᙱਥԛ䇟жѠ㓵ᙝ方程Ⲻ䀙жᆎ൞. 䇴方程 Af = g Ⲻㄥ亯ᮦᦤ䗉ޛѰᢦࣞ

Ⲻ gδ, ެ䈥ᐤѰ

∥gδ − g∥ ≤ δ.

ᖉ f ∈ range(A) ᰬᆎ൞ж䀙 f ┗䏩 Af = g. 㙂ሯӄᢦࣞⲺㄥ亯, ж㡢ᶛ䈪

ᡇԢᰖ⌋㛥ᇐ f δ ∈ A(X). 㙂↙ࡏौᡶᵕᵑ䗴ࡦⲺᱥ㜳ཕ䙐䗽ᢦࣞᮦᦤ gδ ᶺᔰжѠ

ਾ⨼Ⲻ䘇ղ䀙 f δ, ᒬъ䘇ղ䀙ਥԛ䘔㔣ד䎌ӄᇔ䱻ᮦᦤ gδ. ⨼䇰р䇨, Ѱᢴࡦж

Ѡ䘇ղⲺᴿ⮂㓵ᙝ㇍ᆆ R : Y → X ⭞ԛ䙲䘇ᰖ⮂Ⲻ䘼㇍ᆆ A−1 : X → Y .

12
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定义 2.5：Ԛ X ૂ Y Ѱ䎁㤹グ䰪,A : X → Y ᱥжѠжжሯᓊⲺᴿ⮂㓵ᙝ㇍ᆆ. ↙

ौᯯ⌋ж㡢ᱥжᰅᴿ⮂㓵ᙝ㇍ᆆࡏ Rα : Y → X,α > 0, ሯԱᝅ f ∈ X ┗䏩сࡍ䙆

⛯᭬ᮑ

RαAf = f, α→ 0.

৸ᮦ α 㻡〦Ѱ↙ࡏौ৸ᮦ.

定义 ⌊ौᯯࡏ↙：2.6 Rα, α > 0 Ⲻ䘿ㆌ⮛, 䘿ד䎌ӄ䈥ᐤ δ Ⲻ↙ࡏौ৸ᮦ

α = α(δ) ㆌ⮛ᱥ↙ࡏⲺ, ྸ᷒ሯԱᝅ g ∈ A(X) ૂᡶᴿ┗䏩 ∥gδ − g∥ ≤ δ Ⲻ gδ ∈ Y

ᴿ

Rα(δ)g
δ → A−1g, δ → 0.

сᶛᡇԢ䠃⛯ਏ䘦ҁㄖ㢸ࡦ⭞Ⲻਿ⍠䈰ཡ↙ࡏौ方⌋, сᮽѣ࠰⧦Ⲻ䎁

㤹グ䰪ൽѰᑂቊե⢯グ䰪.

定理 2.8：Ԛ A : X → Y ᱥжѠжжሯᓊⲺ㓵ᙝ㍝㇍ᆆ,䛙Ѿሯ∅жѠⲺ α > 0,㇍

ᆆ αI +A∗A : X → X ᆎ൞ᴿ⮂䘼ъ

Rα := (αI +A∗A)−1A∗

ᱥжѠ ∥Rα∥ ≤ 1
2α
Ⲻ↙ࡏौᯯ⌋.

定理 2.9：Ԛ A : X → Y ᱥжѠᴿ⮂㓵ᙝ㇍ᆆъᴿ α > 0. 䛙ѾሯԱᝅⲺ g ∈ Y , 

жᆎ൞жѠ fα ∈ X ֵᗍ

∥Afα − g∥2 + α∥fα∥2 = inf
f∈X
{∥Af − g∥2 + α∥f∥2}. (2.5)

ᴶቅٲ fα ᱥԛсᯯぁⲺж䀙

(αI +A∗A)fα = A∗g (2.6)

ъ䈛䀙䘔㔣ד䎌ӄ g.

证明 ：ሯӄԱᝅ f ∈ X 䜳ᴿсࡍㅿᕅᡆ:

∥Af − g∥2 + α∥f∥2 = ∥Afα − g∥2 + α∥fα∥2

+2ℜ(f − fα, αfα +A∗(Afα − g))

+∥A(f − fα)∥2 + α∥f − fα∥2,

13
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ެѣ (·, ·) ᱥᑂቊե⢯グ䰪Ⲻ〥,ℜ(·) ᱥᇔ䜞. ഖ↚ਥᗍ fα ┗䏩ᕅ(2.6)ᱥᴶቅौ

ਿ⍠䈰ཡ⌑(2.5)࠳Ⲻݻ㾷ᶗԬ.

㘹㲇㇍ᆆ T : X → X ┗䏩 T := αI +A∗A. ሯӄԱᝅ f ∈ X ᴿԛсㅿᕅ

α∥f∥2 ≤ α∥f∥2 + ∥Af∥2 = ℜ(T f, f).

ഖ↚㇍ᆆ T ᱥћṲᕰⲺ,ṯᦤ Lax-Milgramᇐ⨼ᴿ,ᡇԢਥ⸛㇍ᆆ T ᆎ൞ᴿ⮂䘼
㇍ᆆ T −1 : X → X.

定义 2.7：䰤从(2.1)Ⲻ㔅ޮਿ⍠䈰ཡ⌑࠳ J(f) ᴿԛсᖘᕅ [35]

J(f) = ∥Af − g∥2 + α∥f∥2.

定义 2.8：㇍ᆆ A : X → Y 㻡〦֒ᱥީӄ f ∈ H1Fréchet ਥሲⲺ, ᖉъӻᖉᆎ൞㇍

ᆆ A′ ∈ L(X, Y ), Ԅ X ᱖ሺࡦ Y Ⲻ㓵ᙝ㇍ᆆ, ┗䏩

A(f + h) = A(f) +A′(f)h+ o(∥h∥X), ∥h∥X → 0.

ࡏ A′ 〦֒ᱥ A ሯӄ fFréchet ሲᮦ. ᴪѰ儎䱬Ⲻ Fréchet ሲᮦࡏ䙈ᖈ൦ਥԛᇐѿ

A′′(f) ∈ L(X,L(X, Y )), ┗䏩

A′(f + k) = A′(f) +A′′(f)k + o(∥k∥X)

定义 2.9：㤛 J : H → R ީӄ f ᱥ Fréchet ਥሲⲺ, ⭧ Riesz 㺞⽰ᇐ⨼, ᆎ൞ J Ⲻ

ụᓜ gradJ(f) ∈ H ┗䏩

J ′(f)h = (gradJ(f), h).

定理 2.10：ᯯぁ(2.6)фਿ⍠䈰ཡ⌑࠳┗䏩ԛсީ㌱:

gradJ(f) = (αI +A∗A)f −A∗g

≸䀙ᯯぁ(2.6)ㅿԭӄ≸䀙ਿ⍠䈰ཡ⌑࠳ụᓜѰ䴬ᰬⲺ f .

ж㡢൞㔅ޮਿ⍠䈰ཡ↙ࡏौѣ, ᡇԢՐሼ〥分㇍ᆆᇐѿѰжѠԄ L2 グ䰪ࡦ L2

グ䰪Ⲻ᱖ሺ,  A : L2(Ω)→ L2(Ω). 䘏ᰬਿ⍠䈰ཡ⌑ࡏ࠳ᴿԛсᖘᕅ:

∥Af − g∥2L2 + α∥f∥2L2 , (2.7)

ެѣㅢж亯㻡〦֒ᮦᦤᐤᔸ࠳ᮦ (data discrepancy functional), ㅢӂ亯㻡〦֒㖐࠳

ᮦ (penalty functional). ж㡢ᡇԢሼᮦᦤグ䰪 Y 䘿Ѱ L2 グ䰪ᱥഖѰᡇԢ䴶㾷ݻ
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分⎁䠅ᮦᦤѣⲺ䈥ᐤ. ռᱥᡇԢ൞㘹㲇䀙グ䰪 X ⲺᰬُਥԛᴿᴪཐⲺ䘿, ቚެᱥ

ᡇԢ൞ሯ䀙グ䰪ᆎ൞жᇐⲺݾ僂զ䇗Ⲻᰬُ.1963ᒪ,ਿ⍠䈰ཡቧᴴ㔅ᨆ࠰㾷ሼ䀙Ⲻ

ሲᮦਾᒬࡦ㖐࠳ᮦѣᶛᣇ䘇ղ䀙ѣ儎ᓜ䴽㦗Ⲻ䜞分 [36], ሼᕅ(2.7)ᴪ᭯Ѱ

∥Af − g∥2L2 + α∥f∥2H1 (2.8)

ҕቧᱥሼ䀙グ䰪ᇐѿѰ H1(Ω) グ䰪, ሼ㖐࠳ᮦѰ H1 グ䰪Ⲻ㤹ᮦᒩ方. 䲚↚ҁཌ,

䪾ሯᮦᦤᐤᔸ࠳ᮦ,൞ᴶѰᑮ⭞Ⲻᮦᦤф㔉᷒ᐤⲺ L2 ⁗ҁཌ,䘎ᴿ Kullback-Leibler

ᐤ:

(Af, log(Af/g)).

ㅿㅿ, ൞↚уڐ䗽ཐԁ㔃.

㙂Ԅᮦٲौ䀈ᓜ㙂䀶,ྸрж㢸Ⲻᕅ(2.4)ᡶ㺞⽰Ⲻ,⿱ᮙौⲺу䘸ᇐ方程Kf =
g Ⲻ↙ࡏौ≸䀙, ެީ䭤൞ӄؤ↙ K Ⲻ䛙ӑ䗽ቅⲺཽᔸٲ si, ׁྸ䇴ᇐжѠ䗽┚࠳

ᮦ wα(s
2
i ), ֵᗍᖉ s → 0 ᰬᴿ wα(s

2)s−1 → 0. 䘏ṭਥԛሼ K ѣ䛙ӑ䗽ӄቅⲺཽᔸ

,ć䗽┚Ĉᦿٲ Ԅ㙂ᗍࡦ䘇ղⲺ↙ࡏौ䀙㺞䗴ᕅ

fα = V diag(
wα(s

2
i )

si
)UTg

=
∑
si>0

wα(s
2
i )ĝi

si
vi.

(2.9)

ъᡇԢᴿᇐѿ 2.6ѣ൞↙ࡏौㆌ⮛㇍ᆆ Rα Ⲻ㓵ᙝ䗽┚㺞⽰ Rα ┗䏩

Rαg =
∑
si>0

wα(s
2
i )ĝi

si
vi.

ެѣ ĝi = uT
i g. ሯӄ㔅ޮⲺਿ⍠䈰ཡ↙ࡏौ方⌋ᶛ䈪, ެᓊⲺ䗽┚࠳ᮦѰ

wα(s
2) =

s2

s2 + α2
. (2.10)

ъᓊⲺ↙ࡏ䘇ղਥԛ㺞⽰ᡆ

fα =
∑
si>0

siĝi
s2i + α2

vi

= (KTK + αI)−1KTg.

䘏ҕфᇐ⨼ 2.9ㅜ.

൞↙ࡏौ方⌋ѣ, ሯӄ↙ࡏौ৸ᮦ α Ⲻ䘿㠩ީ䠃㾷. 䗽ቅⲺ৸ᮦՐֵᗍ䠃ᶺ

㔉᷒ഖѰಠ༦Ⲻ᭴ཝ㙂ᆎ൞儎ᓜ䴽㦗, 㙂䗽ཝⲺ৸ᮦࡏՐሲ㠪䇗㇍㔉᷒䗽ӄᒩ┇㙂

ཧৱҼᵢ䓡Ⲻᝅѿ. ⨼ᜩ⣬ᘷс, ৸ᮦ α Ⲻ䘿ᓊ䈛ֵᗍ↙ࡏौ䀙 fα ታਥ㜳൦䘇
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ⵕᇔⲺ f , ᴶቅौ eα = fα − f . ᱴ❬ഖѰⵕᇔ䀙ᵠ⸛, ᡇԢᰖ⌋䙐䗽䇗㇍ᶛᇂ

ᡆ䘏ж⛯. ഖ↚ᡇԢ䴶㾷ᇐжӑㆌ⮛ᶛ䘿ᇐ↙ࡏौ৸ᮦ.

ީӄ䘿ㆌ⮛ᴿ䇮ཐ〃方⌋, ׁྸᰖ偏伄䲟人⎁զ䇗⌋ (UPRE), ᒵѿӚ僂䇷

⌋ (GCV) ㅿㅿ, ൞䘏䠂ᡇԢㆶঋԁ㔃㔣ㄖ㢸ѣֵ⭞ࡦⲺ L ᴨ㓵⌋ (L-Curve), 䘏

ж方⌋⭧ Hansen ൞ 1992 ᒪᨆ࠰ [37], 㙂ᴿީެԌ方⌋Ⲻ䈜㓼䈪᱄䈭৸㘹 [38].

Ԛ fα ᱥ↙ࡏौ䀙,rα = Kfα − g ᱥ↙ࡏौ⇁ᐤ, ᇐѿ

X(α) = logR(α), R(α) = ∥rα∥2,

Y (α) = logS(α), S(α) = ∥fα∥2.

㙂 Lᴨ㓵ࡏᱥжᶗऻҼᡶᴿⲺ⛯ (X(α), Y (α))Ⲻжᶗ䘔㔣ᴨ㓵,ެѣ α ∈ [0,∞).

䘏ᶗᴨ㓵ж㡢ᶛ䈪жѠ L ශ, 㙂ᴿީ↙ࡏौ৸ᮦⲺ䘿, 䘏жࡦᱥ䴶㾷ᢴࡏ L ශ

ᴨ㓵ᤆ䀈༺ሯᓊⲺ৸ᮦٲ α. ᡇԢٽ䇴 X(α) ૂ Y (α) ީӄ α ᱥݿ┇Ⲻ, ቚެᱥӂ

䱬ਥሲⲺ, 䛙Ѿᢴࡦᤆ⛯ᓊⲺ৸ᮦٲㅿԭӄᴶཝौᴨ⦽方程

κ(α) =
X ′′(α)Y ′(α)−X ′(α)Y ′′(α)(

X ′(α) + Y ′(α)
)3/2 .

2.2 随机源Ⲻᇐѿ

ᵢ㢸ሼԁ㔃жӑфᵢᮽᐛ֒ީⲺ随机微分方程ⲺжӑะᵢᾸᘫૂ⨼䇰㔉᷒,

ᴪѰޭ։䈜㓼Ⲻᇯਥԛ৸㘹 [39] ૂ [40].

2.2.1 随机䗽程

定义 2.10：䳅ᵰ䗽ぁ X ᱥжᰅᇐѿ൞ੂжѠᾸ⦽グ䰪 (Ω,F , P ) рⲺד䎌ӄ t Ⲻ

䳅ᵰ䠅Ⲻ䳼ਾ {X(t, ω)}, ެѣ t ∈ T .

൞䘏䠂,৸ᮦグ䰪 T ж㡢 [0,∞),ռᱥҕਥԛᱥжѠ॰䰪 [a, b],䶔䍕᮪ᮦⲺ䳼

ਾ, ᡌ㘻ᱥ n ≥ 1 ᰬ Rn рⲺжӑᆆ䳼. ሯӄരᇐⲺ t, ެ㿸ሕᮦٲਥԛ⭞жѠ随机

䠅ᶛᨅ䘦, ж㡢֒ߏ Xt ᡌ X(t), Ᾰ⦽分ᐹѰ P (X(t) ≥ x). ሯӄരᇐⲺ ω,X(t) ᱥ

䈛随机䗽程ⲺжѠঋжᇔ⧦ (single realization) ᡌ〦Ѱঋж䐥ᖺ (single path), Ա

жᶗঋж䐥ᖺ䜳ᱥ䠅 t Ⲻ࠳ᮦ xt = x(t), t ≥ 0.

定义 2.11：㤛жᰅ䳅ᵰ䠅ѣԱᝅᴿ䲆Ѡݹ㍖Ⲻ㚊ਾ࠼ᐹ䜳ᱥ儎ᯥ࠼ᐹ, 䛙Ѿ䘏Ѡ

䳅ᵰ䠅Ⲻ䳼ਾ㻡〦Ѱ儎ᯥ䗽ぁ (Gaussian process).

定义 2.12：ᐹᵍ䘆ࣞ (Brownian motion) Ⲻᱥᗤቅ㋈ᆆᡌ㘻仍㋈൞⍷։ѣڐⲺᰖ

㿺ࡏ䘆ࣞ, ᱥж〃⢯⇀Ⲻ䳅ᵰ䗽ぁ, ҕ㻡〦Ѱ㔪㓩䗽ぁ (Wiener process), 㤛жѠ䳅

ᵰ䗽ぁ {B(t)} 㻡〦Ѱᐹᵍ䘆ࣞ, 㤛ᆹ┗䏩ԛспѠᶗԬ:
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i (໔䠅⤢) ሯᡶᴿⲺ 0 = t0 < t1 < . . . < tm, ެ໔䠅

B(t1)−B(t0), B(t2)−B(t1), . . . , B(tm)−B(tm−1)

ӈ⤢.

ii (↙ᘷരᇐ໔䠅)B(t)−B(s) ᵃԄൽٲѰ䴬, ᯯᐤѰ t− s Ⲻ↙ᘷ࠼ᐹ.

iii (䐥ᖺ䘔㔣)B(t), t > 0 ᱥሯӄ t Ⲻ䘔㔣࠳ᮦ.

定理 2.11：ᐹᵍ䘆ࣞᱥж㊱┗䏩ൽᯯٲぁѰ䴬,অᯯᐤᯯぁѰ min(t, s)Ⲻ儎ᯥ䗽ぁ.

ъྸ᷒жѠ儎ᯥ䗽ぁ┗䏩ൽᯯٲぁѰ䴬, অᯯᐤᯯぁѰ min(t, s), 䛙ѾᆹᱥжѠᐹᵍ
䘆ࣞ.

γ(t, s) = Cov(B(t), B(s)) = EB(t)B(s) = min(t, s)

证明 ：ഖѰᐹᵍ䘆ࣞⲺൽٲѰ䴬, অᯯᐤᯯぁ┗䏩ެࡏ

γ(t, s) = Cov
(
B(t), B(s)

)
= E

(
X(t)− EX(t)

)(
X(s)− EX(s)

)
= E

(
X(t)X(s)

)
− EX(t)EX(s)

= E
(
B(t)B(s)

)
.

㤛 t < s, ࡏ B(s) = B(t) +B(s)−B(t), ഖ↚ᴿ

E
(
B(t)B(s)

)
= EB2(t) + E

(
B(t)

(
B(s)−B(t)

))
= EB2(t) = t,

ੂ⨼㤛 t > s, ᴿ E
(
B(t)B(s)

)
= s, ഖ↚ᗍࡦ㔉䇰

E
(
B(t)B(s)

)
= min(t, s).

ѰҼ䇷᱄ެ࠼ݻᙝ, ᡇԢԚ X(t) ᱥжѠ儎ᯥ䗽ぁъᴿ s ≥ 0, ഖ↚ X(t), X(t+ s) Ⲻ

㚊ਾ࠼ᐹᱥжѠӂݹ↙ᘷ࠼ᐹ, ъެൽٲѰ䴬. ഖ↚ੇ䠅
(
X(t), X(t+ s)−X(t)

)
ੂ

ṭҕᱥᵃԄӂݹ↙ᘷ࠼ᐹⲺ. ഖѰ┗䏩অᯯᐤᯯぁ Cov
(
X(t), X(t + s)

)
= min(t, s),

ᡶԛᴿ

Cov
(
X(t), X(t+ s)−X(t)

)
= Cov

(
X(t), X(t+ s)

)
− Cov

(
X(t), X(t)

)
= t− t = 0,

Ԅ㙂䳅ᵰ䠅 X(t) ૂ X(t + s) −X(t) ᱥуީⲺ, ⭧ཐݹ↙ᘷ࠼ᐹⲺᙝ䍞ਥ⸛ެ

Ѱӈ⤢Ⲻ. ഖ↚໔䠅 X(t + s) −X(t) ⤢ӄ X(t) ъᵃԄ࠼ᐹ N(0, s), ഖ↚ެ

ѰжѠᐹᵍ䘆ࣞ.
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ะᵢрᐹᵍ䘆ࣞⲺ∅жᶗᇔ⧦䐥ᖺ B(t), 0 ≤ t ≤ T 䜳ᴿԛспѠᙝ䍞

i ᱥ t Ⲻ䘔㔣࠳ᮦ,

ii ൞Աᝅ॰䰪䜳уঋ䈹,

iii ൞Աᝅ⛯䜳уਥሲ, ሯԱᝅ t0, 㔪㓩䗽程Ⲻ∅жᶗᇔ⧦䐥ᖺ B(t) ࠖ҄༺༺┗

䏩

lim sup
t→t0

∣∣∣B(t)−B(t0)

t− t0

∣∣∣ =∞.

2.2.2 ⲳಠ༦

俌ݾᡇԢ㔏࠰ᐹᵍ⡽ (Brownian sheet)Ⲻᇐѿ.ᵢ䍞р,ᐹᵍ⡽ቧᱥᇐѿ൞儎㔪

⎁ᓜグ䰪 (Rd
+,B(Rd

+), µ) рⲺᐹᵍ䘆ࣞ, ެѣ d ∈ N,Rd
+ = {x = (x1, x2, . . . , xd) ∈

Rd : xj ≥ 0, j = 1, 2, . . . d},B(Rd
+) ᱥ Rd

+ рⲺঐ䴭ቊ σ ԙᮦ, µ ᱥई䍓Ṳ⎁ᓜ. 㤛

x ∈ Rd
+, ࡏ (0, x] ԙ㺞 (0, x1]× (0, x2]× . . .× (0, xd].

定义 2.13：ᇐѿ൞ Rd
+ рⲺᐹᵍ⡽ᱥжѠ䳅ᵰ䗽ぁ {W̃x : x ∈ Rd

+}, ެѣ W̃x =

W̃{(0, x]}. W̃ ᱥжѠ䳅ᵰ䳼ਾ࠳ᮦ, ┗䏩:

i ሯԱᝅ A ∈ B(Rd
+), W̃ (A) ᱥжѠᵃԄ↙ᘷ࠼ᐹ N(0, µ(A)) Ⲻ䳅ᵰ䠅χ

ii ሯԱᝅ A,B ∈ B(Rd
+), 㤛 A ∩ B = ∅, ࡏ W̃ (A) ૂ W̃ (B) ӈ⤢ъᴿ W̃ (A ∪

B) = W̃ (A) + W̃ (B).

Ԅᇐѿ 2.13ѣᡇԢਥԛᗍࡦ

E
(
W̃ (A)W̃ (B)

)
= µ(A ∩B), ∀A,B ∈ B(Rd

+),

类ղӄᇐ⨼ 2.11, ᡇԢᴿᐹᵍ⡽Ⲻঅ方ᐤ方程

Cov
(
W̃x, W̃y

)
= E

(
W̃xW̃y

)
= x ∧ y :=

d∏
j=1

(xj ∧ yj) (2.11)

ެѣ x = (x1, . . . , xd) ∈ Rd
+, y = (y1, . . . , yd) ∈ Rd

+, ъ xj ∧ yj = min{xj, yj}.
ਜཌ, ᡇԢਥԛ䙐䗽 2d Ѡӈ⤢Ⲻᇐѿ൞ Rd

+ рⲺᐹᵍ⡽ᶛ᧞ᒵᇐѿ൞ޞ

グ䰪 Rd рⲺᐹᵍ⡽. ᇐѿжѠཐ䠃ḽ t = (t1, t2, . . . , td) ┗䏩 tj = {1,−1}, j =

1, 2, . . . , d. 㤛ᡇԢᴿ 2d Ѡӈ⤢Ⲻ Rd
+ рⲺᐹᵍ⡽ {W̃ t}, ሯԱᝅࡏ

x = (x1, x2, . . . , xd) ∈ Rd,
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ᇐѿᐹᵍ⡽

W̃x := W̃
t(x)
x̆ ,

ެѣ x̆ = (|x1|, |x2|, . . . , |xd|) ъ t(x) = sgn(x1), sgn(x2), . . . , sgn(xd). ㅜਭ࠳ᮦ൞

xj ≥ 0 ᰬᴿ sgn(xj) = 1, ੜࡏ sgn(xj) = −1.
ⲳಠ丩ਥԛⵁڐᱥᐹᵍ⡽Ⲻሲᮦ.ռੂӄᐹᵍ䘆ࣞ,ᐹᵍ⡽ W̃x ൞∅жᶗᇔ⧦

䐥ᖺр䜳ᱥࠖ҄༺༺уਥሲⲺ, ռᱥެሲᮦਥԛ൞᯳⬜㥞分ᐹᝅѿсᆎ൞, ᡇԢᇐ

ѿ

˙̃
W x =

∂dW̃x

∂x1 . . . ∂xd

.

䇴 ϕ(x) ᱥ൞ Rd р㍝᭥Ⲻᒩ方ਥ〥Ⲻ⎁䈋࠳ᮦ, 䛙Ѿ
˙̃
W x ᱥ分ᐹ

˙̃
W x(ϕ) = (−1)d

∫
Rd

∂dϕ(x)

∂x1 . . . ∂xd

dx.

ੂṭᡇԢҕਥԛᇐѿ随机〥分∫
Rd

ϕ(x)dW̃x = (−1)dW̃x
∂dϕ(x)

∂x1 . . . ∂xd

dx. (2.12)

定理 2.12：㤛 ϕ(x) ᱥжѠ൞ Rd р㍝᭥Ⲻ⎁䈋࠳ᮦ, :ㅿᕅ┗䏩ࡍᴿсࡏ

E
(∫

Rd

ϕ(x)dW̃x

)
= 0,

E
(∣∣∣ ∫

Rd

ϕ(x)dW̃x

∣∣∣2) =

∫
Rd

|ϕ(x)|2dx.

䘏ҕᱥ㪍Ⲻ Itôㅿ䐓ޢᕅ.

证明 ：⭧䳅ᵰ〥࠼Ⲻᇐѿ(2.12)ᡇԢ⸛䚉

E
(∫

Rd

ϕ(x)dW̃x

)
= (−1)d

∫
Rd

∂dϕ(x)

∂x1 . . . ∂xd

E(W̃x)dx = 0.

,(2.11)⭞߃ ᡇԢᴿ

E
(∣∣∣ ∫

Rd

ϕ(x)dW̃x

∣∣∣2) = E
(∫

Rd

W̃x
∂dϕ(x)

∂x1 . . . ∂xd

dx×
∫
Rd

W̃y
∂dϕ̄(y)

∂y1 . . . ∂yd
dy
)

=

∫
Rd

∫
Rd

∂dϕ(x)

∂x1 . . . ∂xd

∂dϕ̄(y)

∂y1 . . . ∂yd
E
(
W̃xW̃y

)
dxdy

=

∫
Rd

∂dϕ̄(y)

∂y1 . . . ∂yd

(∫
Rd

∂dϕ(x)

∂x1 . . . ∂xd

(x ∧ y)dx
)
dy.

ᡇԢݾ⭞ᖈ㓩⌋䇷᱄сࡍㅿᕅᡆ,∫
Rd

∂dϕ(x)

∂x1 . . . ∂xd

(x ∧ y)dx = (−1)d
∫ y1

−∞
. . .

∫
−∞yd

ϕ(x)dxd . . . dx1, (2.13)
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ሯӄ d = 1 ᶛ䈪, 䙐䗽࠼䜞〥࠼ᡇԢᴿ∫
R

∂ϕ(x1)

∂x1

(x1 ∧ y1)dx1 =

∫ y1

−∞

∂ϕ(x1)

∂x1

x1dx1 +

∫ ∞

y1

∂ϕ(x1)

∂x1

y1dx1

= x1ϕ(x1)|y1−∞ −
∫ y1

−∞
ϕ(x1)dx1 + y1ϕ(x1)|∞y1

= −
∫ y1

−∞
ϕ(x1)dx1.

䇴ሯӄٽ d = n ∈ N 䜳ᴿᕅ(2.13)ᡆ, ∫
Rd

∂dϕ(x)

∂x1 . . . ∂xd

(x ∧ y)dx = (−1)n
∫ y1

−∞
. . .

∫ yd

−∞
ϕ(x)dxd . . . dx1

䛙Ѿሯӄ d = n + 1 ᶛ䈪, Ԛ x = (x1, . . . , xn) ∈ Rn, y = (y1, . . . , yn) ∈ Rn ъᴿ

xn+1, yn+1 ∈ R. 䇴 ∂x = ∂x1 . . . ∂xn, ∫:ᡇԢᴿ࠼䜞〥࠼⭞
Rn+1

∂n+1ϕ(x, xn+1)

∂x∂xn+1

(x ∧ y)(xn+1 ∧ yn+1)dxdxn+1

=

∫
Rn

∫ yn+1

−∞

∂

∂xd+1

(∂nϕ(x, xn+1)

∂x

)
(x ∧ y)yn+1dyn+1dx

+

∫
Rn

∫ ∞

yn+1

∂

∂xn+1

(∂nϕ(x, xn+1)

∂x

)
(x ∧ y)xn+1dyn+1dx

=yn+1

∫
Rd

∂nϕ(x, yn+1)

∂x
(x ∧ y)dx−

∫
Rn

∫ yn+1

−∞

∂dϕ(x, xn+1)

∂x
(x ∧ y)dxn+1dx

− yn+1

∫
Rn

∂nϕ(x, yn+1

∂x
(x ∧ y)dx

=(−1)n+1

∫ y1

−∞
. . .

∫ yn

−∞

∫ yn+1

−∞
ϕ(x, xn+1)dxn+1dx

=(−1)d
∫ y1

−∞
. . .

∫ yd

−∞
ϕ(x1, . . . , xd)dxd . . . dx1.

Ԅ㙂ᗍ䇷ㅿᕅ(2.13).

㔉ਾр䘦զ䇗, ᡇԢᴿ

E
(∣∣∣ ∫

Rd

ϕ(x)dW̃x

∣∣∣2) =

∫
Rd

∂dϕ̄(y)

∂y1 . . . ∂yd

(∫ y1

−∞
. . .

∫ yd

−∞
ϕ(x)dx

)
dy

=

∫
Rd

|ϕ(x)|2dx.

Ԅ㙂ᗍ䇷ᇐ⨼.
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2.2.3 ᴿ㢨ಠ༦

ᡇԢᇐѿⲳಠ༦
˙̃
W x ᱥᐹᵍ⡽分ᐹᝅѿсⲺሲᮦ, ъᡇԢ⸛䚉ᐹᵍ⡽类ղӄᐹ

ᵍ䘆ࣞ, ഖѰӚ䳼Ѱグ䳼Ⲻᐹᵍ⡽уީ, Ԅ㙂ᴿঅ方ᐤ方程

Cov
(
W̃x, W̃y

)
= E

(
W̃xW̃y

)
= x ∧ y :=

d∏
j=1

(xj ∧ yj),

ռ൞ᴿ㢨ಠ༦ѣ, ᡇԢᇐѿуੂ॰䰪сⲺᐹᵍ⡽ᱥᆎ൞ީᙝⲺ, Ԛ Q ᱥжѠ䶔

䍕ъሯ〦Ⲻ䘯类㓵ᙝ㇍ᆆъਥԛ㻡Ṯ࠳ᮦ k(x, y) ᨅ䘦:

(Qf)(x) =

∫
Rd

k(x, y)f(y)dy, x, y ∈ Rd.

ᴿ㢨ಠ༦ᱥж类随机䗽程 W (x), ެ分ᐹᝅѿсⲺሲᮦ㺞⽰Ѱ Ẇx, ਥԛ䙐䗽сࡍㅿ

ᕅᨅ䘦:

Ẇx = Q
˙̃

Wx,

ެѣ
˙̃

Wx ᱥⲳಠ༦. 㤛㓵ᙝ㇍ᆆ Q ф微分㇍ᆆ ∂d/∂x1 . . . ∂xd ਥӚᦘ, 随机䗽程ࡏ

Wx = QW̃x, ъ W̃x ᱥḽⲺ d Ѡ৸ᮦⲺᐹᵍ⡽.

ሯԱᝅ A.B ∈ B(Rd),W (A) ┗䏩

W (A) ∼ N
(
0,

∫
A

∫
A

c(x, y)dxdy
)

ъᴿ

E(W (A)W (B)) =

∫
A

∫
B

c(x, y)dxdy,

ެѣ c ᱥᴿ㢨ಠ༦ Ẇx Ⲻީ࠳ᮦъ┗䏩:

c(x, y) :=E
(
ẆxẆy

)
= E

(∫
Rd

k(x, z)dW̃z ×
∫
Rd

k(y, z)dW̃z

)
=

∫
Rd

k(x, z)k(y, z)dz.

ж㡢ᶛ䈪, ᡇԢٽ䇴ީ࠳ᮦ c(x, y) ሯӄḆѠ q0 ≥ 1 ┗䏩 c ∈ Lq0
loc(Rd)

. ъ随

|x − y| → ∞ ᴿ c(x, y) → 0, ։⧦Ҽуੂ分䠅Ⲻީᙝ随分䠅䰪䳊Ⲻ໔ཝ㺦ࠅѰ

䴬䘏ж⢯ᙝ.

൞ᇔ䱻ѣ, ᴿп类ᴶѰᑮ⭞Ⲻީ࠳ᮦ c, ъ

1. Delta Ṯ: 㤛 c(x) = δ(x), 䘏ᰬࡏ q0 = 1, ㇍ᆆ Q Ѱᚈㅿ㇍ᆆ, ъ䘏ᰬᴿ㢨ಠ༦

䘶ौѰⲳಠ༦.
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2. Riesz Ṯ: 㤛 c(x) = |x|−ν , 0 < ν < d, ሯӄԱᝅᴿ⮂㍝॰ตࡏ Ω ⊂ Rd ૂ┗䏩

Ω ⊂ Bρ Ⲻ ρ > 0, ᡇԢਥԛ䇷ᗍ q0 ∈ [1, d
ν
), ഖѰᖉ d− 1− νq0 > −1 ᰬᴿ

∥c∥q0Lq0 (Ω) ≤
∫
Bρ(0)

|x|−νq0dx ≤
∫ ρ

0

rd−1r−νq0dr ≤ ∞.

 q0 ∈ [1, d
ν
).

ਥԛⵁࡦ Riesz Ṯԙ㺞Ⲻީ࠳ᮦⲺ㺦ࠅ䙕ᓜᵃԄᑸ⅗㺦ࠅ, 䈪᱄䘏жಠ༦

ޭ༽䮵䇦ᗼᙝ.

3. ✣Ṯ: 㤛 c(x) = e−|x|2 . ᱴ❬䘏ᰬᴿ q0 ∈ [1,∞].

✣ṮⲺީ࠳ᮦⲺ㺦ࠅ䙕ᓜᱥᮦ㺦ࠅ, ഖ↚ᡇԢҕ〦䘏类ಠ༦ᱥޭᴿ⸣ᵕ

ީᙝⲺ.

㤛 ϕ(x) ᱥжѠགྷٲⲺᒩ方ਥ〥Ⲻ⎁䈋࠳ᮦ, ъ൞ Rd р㍝᭥, 䛙Ѿ Ẇx ൞分ᐹ

ᝅѿсᡆъ┗䏩сࡍㅿᕅ

Ẇx(ϕ) = (−1)d
∫
Rd

Wx
∂dϕ(x)

∂x1 . . . ∂xd

dx,

ҕਥԛㅿԭ൦㺞䗴Ѱ

Ẇx(ϕ) =
˙̃
W x(Qϕ) = (−1)d

∫
Rd

W̃x
∂d(Qϕ)(x)

∂x1 . . . ∂xd

dx.

类ղӄⲳಠ༦, ᡇԢҕਥԛᇐѿᖟ㢨ಠ༦сⲺ随机〥分:∫
Rd

ϕ(x)dWx = (−1)d
∫
Rd

Wx
∂dϕ(x)

∂x1 . . . ∂xd

dx

ᡌㅿԭ൦㺞䘦Ѱ ∫
Rd

ϕ(x)dWx = (−1)d
∫
Rd

W̃x
∂d(Qϕ)(x)

∂x1 . . . ∂xd

dx. (2.14)

定理 2.13：㤛 ϕ(x) ᱥжѠ൞ Rd р㍝᭥Ⲻ⎁䈋࠳ᮦ, :ㅿᕅ┗䏩ࡍᴿсࡏ

E
(∫

Rd

ϕ(x)dWx

)
= 0,

E
(∣∣∣ ∫

Rd

ϕ(x)dWx

∣∣∣2) =

∫
Rd

ϕ(x)c(x, y)ϕ̄(y)dxdy.

证明 ：䙐䗽ᕅ(2.14), ᡇԢਥԛᗍࡦ

E
(∫

Rd

ϕ(x)dWx

)
= (−1)d

∫
Rd

∂d(Qϕ)(x)

∂x1 . . . ∂xd

E(W̃x)dx = 0.
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㙂⭞ᕅ(2.12)ૂ(2.14)ᡇԢᴿ

E
(∣∣∣ ∫

Rd

ϕ(x)dWx

∣∣∣2) = E
(∫ d

R

W̃x
∂d(Qϕ)(x)

∂x1 . . . ∂xd

dx×
∫
Rd

W̃y
∂d(Qϕ̄)(y)

∂y1 . . . ∂yd
dy
)

=

∫
Rd

∫
Rd

∂d(Qϕ)(x)

∂x1 . . . ∂xd

∂d(Qϕ̄)(y)

∂y1 . . . ∂yd
E(W̃xW̃y)dxdy

=

∫
Rd

∫
Rd

∂d(Qϕ)(x)

∂x1 . . . ∂xd

∂d(Qϕ̄)(y)

∂y1 . . . ∂yd
(x ∧ y)dxdy.

,⌊ሯㅿᕅ(2.13)ੂⲺ䇷᱄ᯯ⭞ ᡇԢᴿ

E
(∣∣∣ ∫

Rd

ϕ(x)dWx

∣∣∣2) =

∫
Rd

(Qϕ)(x)(Qϕ̄(x)dx

=

∫
Rd

(∫
Rd

k(x, y)ϕ(y)dy
)(∫

Rd

k(x, z) ¯phi(z)dz
)
dx

=

∫
Rd

∫
Rd

ϕ(y)ϕ̄(z)
(∫

Rd

k(x, y)k(x, z)dx
)
dydz

=

∫
Rd

ϕ(y)ϕ̄(z)c(y, z)dydz,

Ԅ㙂ᇐ⨼ᗍ䇷.
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3 ӂ㔪ਂ䈹ૂ方程Ⲻ随机反源问题

3.1 ᕋ䀶

ሯᕯᙝᶆᯏⲺ࣑ᆜᙝ䍞Ⲻᇐᙝфᇐ䠅жᱥᐛѐ⮂Ⲻ研究✣⛯ҁж. Ԅ⢟⨼

方⌋рᶛⵁ, 研究方⌋ѱ㾷分Ѱ䶏࣑䈋僂, ྸծȽু㕟Ƚ㹋Ƚᢣ䖢ૂᓊ࣑ᶴᕑㅿ,

ԛ࣑ࣞᇔ僂, ྸާᥥȽ࠱ߨㅿ. 㙂Ԅᮦᆜቸ䶘рᶛⵁ, ᇐ䠅分᷆ᕯᙝᶆᯏⲺ࣑ᆜᙝ

䍞, ᴪཐᱥሼᶆᯏᖘ䗽程䖢Ѱᮦᆜ⁗ශᒬ䙐䗽ж㌱ࡍ偏微分方程δ㓺ε䘑㺂ᨅ

䘦, ᒬ䙐䗽⎁䠅ᗍࡦⲺᮦᦤ⺤ᇐ方程δ㓺εѣⲺ㌱ᮦ. ഖ㙂䘏ж䗽程ҕਥԛⵁ֒ᱥᮦ

ᆜ⢟⨼反问题ѣⲺ反╊㌱ᮦ问题. ׁྸሯӄж㔪ᖘᶛ䈪, രᇐ᭥᫇сⲺ䶏ᘷᕯᙝ

ặⲺᖘቧਥԛㆶौѰ㔅ޮⲺ⅝ե࣠ặ方程.

∂2

∂x2

(
E(x)I(x)

∂2w(x)

∂x2

)
= F (x),

w(0) = w′′(0) = w(L) = w′′(L) = 0,

ެѣ w ԙ㺞ᕯᙝặⲺᖘᥖᓜ, E(x)I(x) ᱥᶆᯏⲺᕰᓜ, Ѱᶞ≅⁗䠅ૂ䖢ࣞᜥ䠅

ⲺҎ〥, L ᱥặⲺ䮵ᓜ, 㙂 f(x) .࣑Ѱ分ᐹ൞ặрⲺ䍕䖳ࡏ

㙂൞䶏࣑ᇔ僂Ⲻ䗽程ѣᖶᖶՐᆎ൞䇮ཐу⺤ᇐഖ㍖, ྸԠಞⲺ㌱㔕䈥ᐤ, ᡌ⧥

ູⲺಠ༦ㅿ, Ԅ㙂ሲ㠪ሯተᓜ䖹ቅⲺᶆᯏ, ྸ㓩㊩㓝ᓜⲺᕯᙝᶆᯏ, Ⲻᙝ䍞⎁ᇐ

ӝ⭕䭏䈥զ䇗. ሯӄ䘏ж问题, ൞䪾ሯж㔪ᕯᙝ㓩㊩ặⲺ࣑ᆜᙝ䍞ᇐ䠅分᷆Ⲻ研究

ѣ, [41]ૂ [42]Ԅ㔕䇗ᆜⲺ䀈ᓜ࠰ਇ,ሯᶆᯏⲺᖘᮦᦤ䘑㺂㔕䇗分᷆,Ԅ㙂ᧈ䲚ಠ༦

Ⲻᖧଃ. 㙂 Bao ૂ Xu[28] ⭧Ⲻу⺤ᇐഖ㍖ᖈ㓩Ѱж亯ㆶঋⲺࡍሼ䘏ж㌱ࡏ Winner

䗽程傧ࣞⲺ随机源, ᒬሼ䍕䖳࣑㺞䗴Ѱԛсᖘᕅ

f(x) = Fkδ(x− y) + g(x) + h(x)Ẇx,

ެѣ Fkδ(x − y) ᱥ᯳ࣖ൞ y ⛯р, ཝቅѰ Fk Ⲻཌࣖ⛯࣑, g(x) ૂ f(x) ᱥ൞ [0, L]

р㍝᭥Ⲻ⺤ᇐ࠳ᮦ,Ẇx ᱥж㔪Ⲻグ䰪ⲳಠ༦.

,䘏ṭⲺ随机⁗ශ⭞ ֒㘻㜳ཕ䙐䗽䠃གྷ䈋僂ᗍࡦⲺᮦᦤ䠃ᶺ随机源. ᒬ൞ [43]

ѣ⭞䘏〃方⌋ৱ䲚ᇔ僂ѣⲺу⺤ᇐᙝ, ᗍࡦᴪѰ㋴⺤Ⲻ࣑ᆜᙝ䍞Ⲻᇐ䠅䇗㇍㔉᷒.

䪾ሯᴪཐ䘏类≸䀙反问题Ⲻᙱ㔉ૂᖈ㓩䈭৸➝ [44].

൞ᵢㄖ㢸ѣ, ᡇԢሼ⋵⭞䘏ж研究方⌋, ᣀᐨᴿⲺж㔪㔉᷒ᤉኋࡦӂ㔪ᕯᙝ㮺

ᶵр, ᒬሼр䘦ж㔪ᖘсⲺ随机源ᤉኋࡦӂ㔪ᖘс.
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3.2 㮺ᶵ⨼䇰Ⲻԁ㔃

3.2.1 㮺ᶵⲺᇐѿȽ⁗ශȽᓊ࣑фᓊ分᷆

ᵢ㢸ѱ㾷ㆶঋԁ㔃㮺ᶵ࣑ᕥᴨⲺ䶏࣑分᷆⁗ශ, ሯӄᴪѰ䈜㓼Ⲻ࣑ᆜ分᷆ૂ

⁗ශ᧞ሲ䈭৸㿷 [45] ૂ [46]. ᡇԢ䘏䠂ᇐѿⲺ㮺ᶵᱥެ儎, ᡌᓜ h 䘒ቅӄެᡠ䶘

Ⲻ㔪ᓜተሮⲺᕯᙝḧ։. ᡇԢ䘏䠂ᇐѿѣᙝ䶘Ѱᒩ分㮺ᶵᓜⲺᒩ䶘, ᇐѿ㮺ᶵ

Ⲻ䗯⮂Ѱѣᙝ䶘ф㮺ᶵӚⲺᴨ㓵. ഖ↚, ྸഴ 3.1ᡶ⽰, 㮺ᶵⲺ䗯⮂ਥԛᱥжᶗሷ

䰣Ⲻᒩ䶘ᴨ㓵Ƚཐ䗯ᖘ, ᡌ㘻⭧ж㌱ࡍᴨ㓵ૂ㓵⇫㓺ᡆ. ѰҼㆶ㾷䱆䘦, ᡇԢ൞ᵢㄖ

ѣٽᇐѣᙝ䶘ѰжѠঋ䘔䙐॰ต, 㮺ᶵуᆎ൞Աᆊ⍔.

ф↚ੂᰬ,㮺ᶵࡦමӄѣᙝ䶘Ⲻཌ࣑ᕥᴨᖘ, ъ䗯⮂ࡦཌ⮂᭥᫇δ᭥᫇

方ᕅ分Ѱരᇐ᭥᫇Ƚㆶ᭥Ƚᰖ᭥᫇Ƚᕯᙝ᭥᫇ㅿཐ〃ε.ᡇԢਥԛㆶঋሼ֒⭞൞㮺ᶵ

рⲺ࣑ཝ㠪分Ѱԛсࠖ类:

1. 方ੇѰ z 䖪, 分ᐹ൞᮪Ѡᡌ䜞分ѣᙝ䶘рཌ࣑, ެᇼᓜ䍕䖳Ѱ f(x, y).

2. ֒⭞൞ᒩ䶘䜞Ⲻ⛯ (xi, yi) р, ⌋ੇ分ᐹⲺ䳼ѣཌ࣑ F (i).

3. ֒⭞൞ᒩ䶘䜞Ⲻ⛯ (xi, yi) рⲺ࣑⸟ M(i) = (M
(i)
x ,M

(i)
y ).

4. ੇ֒⭞൞䗯⮂рⲺ࣑ࢠ Vn(s) ԛᕥ⸟ Mn(s).

5. ֒⭞൞䀈 k рⲺ䳼ѣ࣑ Rk.

ഴ 3.1 㮺ᶵᶺ䙖࣑⽰ᝅഴ

൞⢟։䜞ⲺԱᝅж⛯, ެࡦⲺᓊ࣑ σ 䜳ਥԛ⭞ᰖ䲆ቅⲺ↙ޣ䶘։Ⲻ䶘рⲺ

ᓊ࣑分䠅 σij ᶛ㺞⽰, ൞∅жѠ䶘р䜳ࡦᶛ㠠пѠ方ੇⲺᓊ࣑, жѠ↙ᓊ࣑分䠅

ૂ两Ѡࢠᓊ࣑分䠅. ж㡢ᡇԢ㿺ᇐᓊ࣑сḽѣㅢжѠᆍ∃ԙ㺞ᓊ࣑Ⲻ֒⭞䶘, ㅢӂ
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Ѡᆍ∃ԙ㺞ᓊ࣑Ⲻ֒⭞方ੇ. ൞ᒩ㺗⣬ᘷс, ሯ↙ޣ䶘։Ⲻѣᗹ䖪⸟ਥᗍީࡦ

㌱ᕅ:

σxy = σyx; σxz = σzx; σyz = σzy.

ഖ↚, ൞⢟։Ⲻж⛯ᙱާᴿޣѠᓊ࣑分䠅:

σ = (σxx, σyy, σzz, σxy, σxz, σyz).

ሯᓊ䘏ޣѠ分䠅, ൞⢟։ⲺԱᝅж⛯ࡦᓊ࣑㙂ӝ⭕Ⲻᓊਥԛޣ࠰ߏѠᓊ分

䠅:

(ϵxx, ϵyy, ϵzz, ϵxy, ϵxz, ϵyz).

㙂ሯӄቅᥖᓜᖘⲺ㮺ᶵ问题ᶛ䈪, 䘏жп㔪Ⲻര։问题ሼㆶौѰжѠӂ㔪问题ᶛ

༺⨼. ഖ㙂ᡇԢсᶛԁ㔃㮺ᶵ⨼䇰Ⲻࠖᶗٽ䇴:

1. 㮺ᶵⲺᶆᯏ㓵ᙝᕯᙝ, ൽ䍞ъੇੂᙝⲺ.

2. ഖѰ㮺ᶵѣ z 方ੇрⲺᓜф x ૂ y 方ੇрⲺࠖተሮ∊䶔ᑮቅ.

3. ခ⣬ᘷсමӄѣᙝ䶘Ⲻ㓵⇫൞ਇ⭕ᖘҁԃමӄᖘⲺѣᙝ䶘, ъ

ᶵⲺᓜуਇ⭕᭯, ᶵ z 方ੇрⲺᓊ ϵxz = ϵyz = 0.

4. මӄѣᙝ䶘Ⲻᓊ࣑䘒ቅӄѣᙝ䶘ਜཌ两Ѡ方ੇрⲺᓊ࣑分䠅, ᭻ਥԛⵁڐཌ

ਠ֒⭞൞࣑ xy ᒩ䶘,  z 方ੇрⲺᓊ࣑分䠅 σzz, σyz, σxz 䜳Ѱ䴬.

5. ᥖᓜ w(x, y) 㾷ቅӄᶵⲺᓜ, 䘏䠂㮺ᶵਇ⭕ⲺᖘѰቅᥖᓜᖘ.

р䘦ٽ䇴ᱥ⭧ะቊ䵃ཡૂཡᨆ࠰Ⲻ, ഖ㙂㓵ᙝᶵ⨼䇰ҕ㻡〦Ѱะቊ䵃ཡδะ

ቊ䵃ཡ-ཡεᶵ⨼䇰 (KirchhoffLove Plate Theory). 㙂ሯӄᶵⲺᖘᶛ䈪, ެ

ੇⲺ࣑ࢠᖘቧуਥᘳ⮛, Ԅ㙂䇮ཐٽ䇴у߃ᡆ, 䘏䠂ᡇԢу߃䎎䘦.

ะӄр䘦ٽ䇴, ᡇԢਥԛ䙐䗽分᷆㮺ᶵᒩ䶘ѣⲺ㓵⇫ᖘࢃⲺ䮵ᓜौᶛ≸

,ᓊҁ䰪࣑ᓊ࠰ ԛᓊૂփ〱ҁ䰪Ⲻީ㌱. 䇴ٽ dr(dx, dy, 0) ᱥжѠᖘࢃᒩ㺂
ӄ xy ᒩ䶘ঋփ䮵ᓜ, ެਇ⭕ᖘҁѰ dr′(dx′, dy′, dz′), :ᡇԢᴿࡏ

dx′ = dx+ du =
[
1 +

∂u

∂x

]
dx+

∂u

∂y
dy,

dy′ = dy + dv =
∂v

∂x
dx+

[
1 +

∂v

∂y

]
dy,

dz′ = 0 + dw =
∂w

∂x
dx+

∂w

∂y
dy,

(3.1)
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ެѣ

u = u(x, y, z),

v = v(x, y, z),

w = w(z, y)

(3.2)

ᱥ㮺ᶵѣԱᝅж⛯ (x, y, z) Ⲻփ〱分䠅, ⌞ᝅࡦ䘏䠂ഖѰะቊ䵃ཡٽ䇴,z 方ੇрⲺ

փ〱 w ф z ᰖީ. ਜཌ,u, v ૂ w ᱥѰҼфѣᙝ䶘 (z = 0) р⛯Ⲻփ〱分䠅 u, v, w

॰分ᔶ, ҕቧᱥ䈪两㘻ᴿྸсީ㌱:

u(x, y, 0) = u(x, y), v(x, y, 0) = v(x, y), w(x, y) = w(x, y). (3.3)

ഖ↚䈛ঋփ䮵ᓜᖘࢃⲺ䮵ᓜᐤѰ:

ds′ = |dr′| =
√
(1 + 2ϵxx)dx2 + (1 + 2ϵyy)dy2 + 2ϵxydxdy, (3.4)

ެѣ ϵxx, ϵyy, ϵxy ᱥ㮺ᶵԱᝅж⛯Ⲻᓊ, ъ┗䏩ԛсީ㌱:

ϵxx =
∂u

∂x
+

1

2

[(∂u
∂x

)2
+
(∂v
∂x

)2
+
(∂w
∂x

)2]
,

ϵyy =
∂v

∂y
+

1

2

[(∂u
∂y

)2
+
(∂v
∂y

)2
+
(∂w
∂y

)2]
,

ϵxy =
(∂u
∂y

+
∂v

∂x

)
+
[∂u
∂x

∂u

∂y
+

∂v

∂x

∂v

∂y
+

∂w

∂x

∂w

∂y

]
.

(3.5)

⭧ҁࢃⲺٽ䇴, ᶵ∅ѠঋփݹⲺᓊ䖹ቅռެᰁ䖢∊䖹ཝ, ഖ↚ᕅ(3.5)ѣⲺ儎

䱬亯䠂ީӄ x ૂ y 方ੇⲺփ〱Ⲻ䶔㓵ᙝ亯ਥԛ㻡ᘳ⮛, ഖ↚ҕਥԛㆶߏѰ:

ϵxx =
∂u

∂x
+

1

2

(∂w
∂x

)2
,

ϵyy =
∂v

∂y
+

1

2

(∂w
∂y

)2
,

ϵxy =
∂u

∂y
+

∂v

∂x
+

∂w

∂x

∂w

∂y
.

(3.6)

ᡇԢҕਥԛ䘑ж↛ሼᕅ(3.5)䘑㺂ㆶौ, ᘳ⮛ᦿެѣᡶᴿⲺ䶔㓵ᙝ亯, Ѱ:

ϵxx =
∂u

∂x
,

ϵyy =
∂v

∂y
,

ϵxy =
∂u

∂y
+

∂v

∂x
.

(3.7)

ᕅ(3.6)ᱥ㮺ᶵཝᥖᓜⲺ䶔㓵ᙝ⨼䇰Ⲻะ,ҕ㻡〦֒ߥগ䰞䶔㓵ᙝᶵ⨼䇰,㙂ᕅ(3.7)ࡏ

ᱥᡇԢᑮ㿷Ⲻ㔅ޮ㓵ᙝᶵ⨼䇰.
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ഴ 3.2 ᶵᖘࢃփ〱⣬ᘷ൞ xy ᒩ䶘Ⲻ⽰ᝅഴ

൞ᡇԢ㮺ᶵ⨼䇰Ⲻٽ䇴с, ᶵԱᝅж⛯Ⲻփ〱分䠅 u, v, w ਥԛ㻡ㆶौ㺞䗴Ѱ

ެᓊ൞ѣᙝ䶘рⲺሯᓊ䠅 u, v,ૂ w.ഴ 3.2ᡶ⽰ѰᶵⲺжѠ䜞分൞ᖘࢃ xz ᒩ

䶘рⲺᡠ䶘⽰ᝅഴ, ⛯ Q ൞⌋㓵 AB р, ᖘࢃආḽѰ (x, y, z), ሯᓊ൞ѣᙝ䶘рⲺ

⛯Ѱ P . ެ൞ਇ⭕ᖘփ㖤Ѱ Q′ ⛯, ެආḽѰ (x+ u, y+ v, z+w), ѣᙝ䶘рሯ

ᓊ⛯Ѱ P ′. ഖѰ൞ᥖᓜ䖹ቅⲺ߫с, ᡇԢᴿ tan θ ≈ θ ≈ ∂w/∂x, ṯᦤഴ 3.2ᒬ类

∊ yz ᒩ䶘Ⲻղ߫, ᡇԢᴿ:

u = u− z
∂w

∂x
,

v = v − z
∂w

∂y
.

(3.8)

ሼᕅ(3.8)ᑜޛᕅ(3.7)ᗍࡦ:

ϵxx = ϵxx − z
∂2w

∂x2
,

ϵyy = ϵyy − z
∂2w

∂y2
,

ϵxy = ϵxy − 2z
∂2w

∂x∂y
,

(3.9)

ެѣ ϵxx, ϵyy ૂ ϵxy ᱥѣᙝ䶘рሯᓊ⛯Ⲻᓊ, ┗䏩:

ϵxx =
∂u

∂x
,

ϵyy =
∂v

∂y
,

ϵxy =
∂u

∂y
+

∂v

∂x
.

(3.10)
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ᕅ(3.10)Ѱ㮺ᶵ⨼䇰сᓊૂփ〱ҁ䰪Ⲻީ㌱㺞䗴ᕅ. ഖѰуᆎ൞䶘Ⲻ֒⭞࣑,

ᡶԛᡇԢᴿ u = v = 0, 䘏ҕᝅ ϵxx = ϵxy = ϵyy = 0, 㮺ᶵⲺѣᙝ䶘уᆎ൞ծ

ᡌু㕟.−∂2w/∂x2,−∂2w/∂y2 㺞⽰Ҽ x䖪ૂ y 䖪方ੇрⲺᴨ⦽,∂2w/∂x∂y 㺞⽰Ҽѣ

ᙝ䶘ᖘⲺᕥᴨ程ᓜ. ഖ↚, ൞䘏䠂ᡇԢ㘹㲇ࡦѣᙝ䶘⋗ᴿծ㕟, 䛙Ѿᕅ(3.9)ቧਥԛ

:ᡆߏ

ϵxx = −z∂
2w

∂x2
,

ϵyy = −z
∂2w

∂y2
,

ϵxy = −2z
∂2w

∂x∂y
.

р䘦ީ㌱ᕅ⭞ਥԛ⭞⸟䱫ੇ䠅Ⲻ方ᕅ㺞⽰Ѱ:

ϵ = −zLw,

ެѣ: ϵ = (ϵxx, ϵyy, ϵxy)
T ,L ᱥ微分⸟䱫

[
∂2/∂x2 ∂2/∂y2 2∂2/(∂x∂y)

]T
, ṯᦤ㜗ށ

ᇐᗁ, ᡇԢ⸛䚉 σ = (σxx, σyy, σxy) = cϵ, ެѣ σ ᱥ䶘Աᝅ⛯Ⲻᓊ࣑,c ᱥᶆᯏ⸟
䱫, ൞ੇੂᙝᶆᯏᒩ䶘问题сᴿ:

c = E

1− ν2

 1 ν 0

ν 1 0

0 0 (1− ν)/2


ެѣ E ᱥᶞ≅⁗䠅,ν ᱥ⌀ᶴ∊, ൽᱥᶆᯏީⲺ㌱ᮦ. ഖ㙂ᡇԢᴿᓊૂ࣑ᥖᓜⲺީ

㌱:

σ = −zcLw.

сᶛᡇԢ䘑ж↛分᷆ᓜѰ hⲺᶵⲺжѠ dx×dyⲺঋݹ։,ᆹࡦཌ࣑ f(x, y)

Ⲻ֒⭞, ᒬъެᡠ䶘рᆎ൞Ⲻ࣑⸟ Mx,My,Mxy ૂ Myx ԛ࣑ࢠ Qx, Qy ⭧ެ分ᐹ

Ⲻᓊ࣑ᡶӝ⭕, ᒬъ┗䏩ԛс〥分ީ㌱ᕅ:

Mp =


Mx

My

Mxy

 =

∫ h/2

−h/2

σzdz = −h3

12
cLw, (3.11)

ኋᔶߏᴿ:

Mx = −D
(∂2w

∂x2
+ ν

∂2w

∂y2

)
,

My = −D
(
ν
∂2w

∂x2
+

∂2w

∂y2

)
,

Mxy = −D(1− ν)
∂2w

∂x∂y
.

(3.12)
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ެѣ:

D =
Eh3

12(1− ν2)
.

ᒬъ⌞ᝅࡦഖѰ σxy = σyx, ഖ㙂ᡇԢᴿ Myx = Mxy. 㙂ᓊⲺ㘹㲇ࡦঋݹ։ሯӄ x

方ੇૂ y 方ੇⲺ࣑⸟ᒩ㺗ᒬъᘳ⮛ӂ䱬ቅ䠅, ᡇԢਥԛᗍ࣑ࡦ⸟ф࣑ࢠҁ䰪Ⲻީ㌱:

Qx =
∂Mx

∂x
+

∂Mxy

∂y
,

Qy =
∂Myx

∂x
+

∂My

∂y
.

(3.13)

ᡇԢ⌞ᝅࡦঋݹ։൞ z 方ੇрᱥᒩ㺗Ⲻ, ഖ↚䘏Ѡঋݹ։ࡦⲺཌ࣑. ъ⌞ᝅ

分䠅ᴿ࣑ࢠࡦ dQ = (∂Qx/∂x)dx ԛ dQ = (∂Qy/∂y)dy, ᡇԢᴿԛсᒩ㺗方程:

∂Qx

∂x
+

∂Qy

∂y
+ f = 0, (3.14)

ᴶᡇԢሼ(3.11),(3.13)ૂ(3.14)пᕅ㚊, :ᆜᒩ㺗方程࣑ᶵⲺ䶏࠰ਥԛᗍ

D
(∂4w

∂x4
+ 2

∂4w

∂x2∂y2
+

∂4w

∂y4

)
= D∆2w = f. (3.15)

ެѣ ∆2 〦Ѱਂ䈹ૂ㇍ᆆ.

注 3.1：㮺ᶵ⁗ශⲺ䶏ᘷᗤᯯ࠼ぁ䲚Ҽਥԛ䙐䗽р䘦᷆࠼ᶵঋݹⲺ z 䖪ᯯੇрⲺ

ᒩ㺗ᶗԬᗍ࠰ҁཌ, ҕਥԛ䙐䗽㜳䠅ᯯぁ, ࠰ශⲺᴶቅࣵ㜳⨼ᗍ⁗⭞ [45]. 㘻

ⲺՎࣵ൞ӄਥԛੂᰬᗍࡦ㊱䗯⮂ૂ᭥᫇ᯯᕅⲺ䗯⮂ᶗԬᯯぁ. ൞䘏䠂ᡇԢуཐڐ

ԁ㔃.

3.2.2 䗯⮂ᶗԬ

㮺ᶵ⨼䇰Ⲻ䗯⮂ᶗԬਥԛ⭧ԛсㅿᕅ㺞䗴:

α1w + α2V w = α3 on Γ,

β1
∂w

∂n
+ β2Mw = β3 on Γ.

(3.16)

ެѣ αi = αi(s),βi = βi(s)(i = 1, 2, 3) ᱥ⭧䗯⮂ Γ ᮦ,M࠳ᇐⲺߩ ૂ V ᱥ微分㇍ᆆ:

M = −D
[
∆+ (ν − 1)

∂2

∂t2

]
,

V = −D
[ ∂

∂n
∆− (ν − 1)

∂

∂s

( ∂2

∂n∂t

)]
.

䠅 Mw ૂ V w ᨅ䘦Ҽ䗯⮂рⲺᕥ⸟ Mn ࣑ࢠૂ Vn, ྸഴ 3.1ѣᡶ⽰. ᕅ(3.16)ᨅ䘦

ҼᴶѰж㡢߫сⲺ䗯⮂ᶗԬ. ᴪѰᑮ㿷ૂޮශⲺ䗯⮂ᶗԬਥԛ䙐䗽䘿уੂⲺ αi

ૂ βi ᗍࡦ, ྸԛсࠖ〃߫:
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1. രᇐ᭥᫇:α1 = 1, β1 = 1, ެ֏㌱ᮦѰ䴬, Ѱ w = 0, ∂w/∂n = 0χ

2. ㆶঋ᭥᫇:α1 = 1, β2 = 1, ެ֏㌱ᮦѰ䴬, Ѱ w = 0, Mn = ∆w + (ν −
1)∂2w/∂t2 = 0; 䘏ҕᱥᵢᮽѱ㾷研究Ⲻ䗯⮂类ශ.

3. 㠠⭧᭥᫇δᰖ᭥᫇ε:α2 = 1, β1 = 1, ެ֏㌱ᮦѰ䴬, Ѱ Mn = 0, Vn = 0.

䘏䠂䴶㾷⌞ᝅྸ᷒䗯⮂᭥᫇方ᕅᱥਾⲺ, 䛙Ѿ㌱ᮦ方程 αi ૂ βi ᱥу䘔㔣Ⲻ.

注 3.2：Ӂᇔр, ሯӄᡇԢᵢㄖᡶ⹊ガⲺㆶঋ᭥᫇䗯⮂ᶛ䈪, ഖѰެ䗯⮂ᶗԬਥԛߏ

ᡆ:

w = 0, on Γ

∆w + (ν − 1)∂2w/∂t2 = 0. on Γ
(3.17)

ъሯӄᴨ㓵䗯⮂ᶛ䈪, ᡇԢᴿྸсީ㌱:

∂2w

∂t2
=

∂2w

∂s2
+ κ

∂w

∂n
,

ެѣ κ = κ(s), ᱥ䗯⮂Ⲻᴨ⦽,n ᱥ䗯⮂Ⲻཌ⌋㓵ᯯੇ,t ᱥ䗯⮂Ⲻ࠽㓵ᯯੇ㙂 s ᱥ䘏

ж⛯Ⲻᕝ㓵ᯯੇ. 㙂ᖉ䗯⮂ᱥ⭧㓵⇫ᶺᡆⲺᰬُδׁྸ⸟ᖘ॰ตε, ᱴ❬ᡇԢᴿ:

κ = 0, w = 0,
∂w

∂s
= 0,

∂2w

∂s2
= 0.

൞䘏〃߫с, ᱴ❬䗯⮂ᶗԬ(3.17)ࡏᡆҼ:

w = 0, on Γ

∆w = 0. on Γ
(3.18)

⭧ᡇԢҁࢃᗍࡦⲺ࣑⸟ૂᥖᓜҁ䰪Ⲻީ㌱ᕅ(3.11), ᡇԢԚ:

M =
1

1 + ν
(Mx +My) = ∆w,

ਥԛሼ⸟ᖘᴿ⮂॰ตࡏ Ω рㆶ᭥䗯⮂Ⲻ㮺ᶵ䰤从ौѰњѠ㙜ਾⲺ⌀ᶴᯯぁⲺᖘᕅ:
∆M(X) = f(X) X ∈ Ω,

D∆w(X) = −M(X) X ∈ Ω,

M(X) = 0 X ∈ Γ,

w(X) = 0 X ∈ Γ.

(3.19)

3.3 ⁗ශ↙问题分᷆

൞ᵢ㢸ѣ, ᡇԢѱ㾷ሯ⸟ᖘ॰ตсㆶ᭥䗯⮂Ⲻ㮺ᶵ问题, ӂ㔪ਂ䈹ૂ方程Ⲻ

↙问题䘑㺂分᷆ૂ≸䀙. ൞㮺ᶵࡦжѠමӄѣᙝ䶘Ⲻཌ࣑ f Ⲻᰬُ, 方程ૂ
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ᓊⲺ䗯⮂ᶗԬਥԛ㺞⽰Ѱᡆ(3.19)Ⲻᖘᕅ. ᡇԢ䇴源࠳ᮦ, 㮺ᶵᡶࡦⲺ䍕䖳࣑ਥ

ԛߏᡆྸсᖘᕅ:

f(X) = Fkδ(X − Y ) + g(X) + h(X)ẆX , X ∈ Ω (3.20)

ެѣ X = (x1, x2), ᡌᶷආḽсⲺ⛯ (r, θ), Fkδ(X − Y ) ᱥཌ⮂㔏ᇐⲺ֒⭞൞⛯ Y =

(y1, y2), ཝቅѰ Fk Ⲻ⛯䍕䖳࣑. g ૂ h > 0 ᱥ൞ᴿ⮂॰ต Ω ∈ R2 рᴿ㍝᭥᫇Ⲻ⺤

ᇐᇔ࠳ᮦ, ъ ẆX ᱥжѠ喆⅗Ⲻᴿ㢨ಠ༦.

3.3.1 ⺤ᇐᙝ↙问题≸䀙分᷆

俌ݾ, ᡇԢ൞ཌ࣑, 源࠳ᮦѰ⺤ᇐ࠳ᮦⲺᖘсሯ䀙䘑㺂᧞ሲૂᙝ䍞Ⲻ分᷆,

 f(X) = Fkδ(X −Y )+ g(X).ഖ㙂ᡇԢⲺ问题ቧ䘶ौѰ䀙жѠ⺤ᇐⲺ偏微分方程:
D∆2w = Fkδ(X − Y ) + g(X) in Ω,

w = 0 on Γ,

∆w = 0 on Γ.

(3.21)

൞↚ҁࢃ, ᡇԢݾ᧞ሲਂ࠰䈹ૂ㇍ᆆⲺะᵢ䀙 U .  ∆2U(X,Y ) = δ(X, Y ).

Ԛ V = ∆U , ᱴ❬ᴿࡏ ∆V = δ(X,Y ), ⭧Ფᯥ㇍ᆆⲺะᵢ䀙, ᡇԢ⸛䚉:

V = ∆U =
1

2π
ln |X − Y | ≜ 1

2π
ln r,

Ԅ㙂ᴿ: ( ∂2

∂r2
+

1

r

∂

∂r

)
U =

ln r
2π

䙐䗽≸䀙р䘦方程, ᡇԢਥԛᗍࡦ

U(X,Y ) =
r2 ln r
8π

− r2

8π
+ c1 ln r + c2

=
|X − Y |2 ln |X − Y |

8π
− |X − Y |2

8π
+ c1 ln |X − Y |+ c2

㙂䙐䗽䇗㇍ਥԛᗍ⸛:

∆2
(
− |X − Y |2

8π
|+ c2

)
= 0,

∆2c1 ln r = ∆(Cδ) = C∆δ ̸= δ(|X − Y |).

ੂᰬਥԛ僂䇷ᗍࡦ

∆2
(
− |X − Y |2

8π
ln |X − Y |

)
= δ(|X − Y |).

Ԅ㙂ᡇԢᴿਂ䈹ૂ㇍ᆆⲺะᵢ䀙Ѱ:

U(X, Y ) =
|X − Y |2

8π
ln |X − Y |.
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㙂ሯӄᡇԢⲺ问题(3.19)ⲺṲ᷍࠳ᮦ G(X,Y ), ѰᢴࡦжѠᶄᲤᑂޯ䘔㔣Ⲻ࠳

ᮦ R(X, Y ), ┗䏩:

∆2R = 0,

R(X, Y ) = −U(X, Y ) X, Y ∈ Γ.

Ѱࡏᮦ࠳问题(3.19)ⲺṲ᷍ࡏ G(X, Y ) = U(X,Y )+R(X,Y ).Ԅ㙂问题(3.21)Ⲻ䀙ࡏ

ਥԛߏᡆ:

w(X, Y ) =
1

D

∫
Ω

G(X,Z)f(Z)dZ

=
1

D

[
FkG(X,Y ) +

∫
Ω

G(X,Z)g(Z)dZ
]
.

(3.22)

ഖѰ䗯⮂ૂ॰ตⲺഖ, ൞䇮ཐ߫сᡇԢ䜳⋗ᴿࣔ⌋ሼṲ᷍࠳ᮦ䀙᷆൦㺞䗴࠰ᶛ,

ռᱥᡇԢד❬ਥԛሯެ䘑㺂分᷆. сᶛᡇԢሼԁ㔃ᴿީṲ᷍࠳ᮦⲺ↙ࡏᙝ分᷆Ⲻ

ࠖѠ㔉᷒.

引理 3.1：㤛 Ω ⊂ R2 ᱥжѠᴿ⮂॰ต, ሯӄԱᝅരᇐⲺ⛯ Y ∈ Ω 䜳ᴿ G(X,Y ) ∈
L2(Ω).

证明 3.1：Ԛ ρ = supX,Y ∈Ω, ᡇԢᴿ Ω ⊂ Bρ(Y ), ެѣ Bρ(Y ) ᱥԛ Y Ѱ഼ᗹ,ρ Ѱঀ

ᖺⲺ഼. ഖѰᡇԢሼṲ᷍࠳ᮦ㺞䗴Ѱԛсᖘᕅ:

G(X, Y ) =
|X − Y |2

8π
ln |X − Y |+R(X, Y )

ެѣ RᱥжѠᶄᲤᑂޯ䘔㔣Ⲻ࠳ᮦ,ഖ↚,ᡇԢਠ䴶㾷䇷᱄Ṳ᷍࠳ᮦⲺཽ亯ᱥ L2 Ⲻ

ਥ, 䇷:

ln |X − Y | ∈ L2(Ω), ∀y ∈ Ω.

䙐䗽䇗㇍ᡇԢਥԛᗍࡦ:∫
Ω

∣∣∣ ln |X − Y |
∣∣∣2dX ≤ ∫

Bρ(Y )

∣∣∣ ln |X − Y |
∣∣∣2dX

≲
∫ ρ

0

r
∣∣∣ ln r∣∣∣2dr = ρ2

4
(ln ρ(ln ρ− 1)− 1) <∞.

ᗍࡦᡇԢ䴶㾷Ⲻ㔉䇰.

൞ᵢᮽѣ,a ≲ b ԙ㺞 a ≤ Cb, ެѣ C > 0 ᱥжѠᑮᮦ.

引理 3.2：㤛 Ω ⊂ R2 ᱥжѠᴿ⮂॰ต, ሯӄԱᝅⲺࡏ α > 1, ᡇԢᴿԛсуㅿᕅ┗

䏩: ∫
Ω

∣∣G(X,Y )−G(X,Z)
∣∣αdX ≲ |Y − Z|α, ∀Y, Z ∈ Ω.
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证明 3.2：ૂᕋ⨼ 3.1㊱ղ, ᡇԢਠ䴶䇷Ṳ᷍࠳ᮦ G(X,Y ) ѣⲺะᵢ䀙亯ѣ |X −
Y |2 ln |X − Y | ┗䏩㔉䇰ਥ.

ᡇԢ⸛䚉ሯӄԱᝅⲺ ρ > 0, ρ2 ln ρ ┗䏩ީ㌱:

ρ2 ln ρ =

∫ ρ

0

2r ln rdr +
ρ2

2
.

Ԅ㙂ᡇԢᴿ:∫
Ω

∣∣∣|X − Y |2 ln |X − Y | − |X − Z|2 ln |X − Z|
∣∣∣αdX

=

∫
Ω

∣∣∣ ∫ |X−Y |

0

2r ln rdr +
|X − Y |2

2
−
∫ |X−Z|

0

2r ln rdr − |X − Z|2

2

∣∣∣αdX
=

∫
Ω

∣∣∣ ∫ |X−Y |

|X−Z|
2r ln rdr +

|X − Y |2 − |X − Z|2

2

∣∣∣αdX

⭧〥࠼ѣٲᇐ⨼ૂп䀈уㅿᕅ,ᆎ൞ rξ ∈
(
min(|X−Y |, |X−Z|),max(|X−Y |, |X−

Z|)
)
, ᴿ ∫

Ω

∣∣∣|X − Y |2 ln |X − Y | − |X − Z|2 ln |X − Z|
∣∣∣αdX

≤
∫
Ω

∣∣∣|X − Z|(2rξ ln rξ) +
1

2
|X − Z|(|X − Y |+ |X − Z|)

∣∣∣αdX
= |Y − Z|α

∫
Ω

(
2rξ ln rξ +

1

2
(|X − Z|+ |Y − Z|)

)α
dX

Ԛ ρ = supX∈Ω,Y ∈Ω |X − Y |, ᴿࡏ Ω ⊂ Bρ(Y ),Ω ⊂ Bρ(Z) ъ rξ ∈ (0, ρ), ഖ↚ᴿ∫
Ω

(
2rξ ln rξ +

1

2
(|X − Z|+ |Y − Z|)

)α
dX

≲
∫
Ω

(2rξ ln rξ)αdX +

∫
Ω

(
1

2
|X − Z|)αdX +

∫
Ω

(
1

2
|X − Y |)αdX

< (2ρ ln ρ)αµ(Ω) + 2(
ρ

2
)αµΩ

= µ(Ω)
(
(2ρ ln ρ)α + 2(

ρ

2
)α
)
<∞.

Ԅ㙂ᕋ⨼ᗍ䇷.
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3.3.2 随机方程ᶺᡆф分᷆

⧦൞ᡇԢᶛ㘹㲇࠳ᮦѰ随机࠳ᮦⲺ߫. 随机源ਥԛ㺞⽰ᡆ(3.20)Ⲻᖘᕅ, ࡏ

ᡇԢⲺ问题ᴿԛсᖘᕅ:
D∆2w = Fkδ(X −X0) + g(X) + h(X)ẆX X ∈ Ω,

w(X) = 0 X ∈ Γ,

∆w(X) = 0 X ∈ Γ.

(3.23)

ެѣ䶔喆⅗亯ѣⲺᴿ㢨ಠ༦ ẆX ┗䏩অ方ᐤ方程:

c(X, Y ) = E(ẆXẆY ) = c(X − Y ), ∀X,Y ∈ R2.

൞䘏䠂ᡇԢٽ䇴൞ሯӄḆѠ q0 ≥ 1 Ⲻ߫с c ∈ Lq0
loc(R2).

ж㡢ᶛ䈪, ሯӄঅ方ᐤ方程ᴿᖾཐ〃䘿, ׁྸ Delta ṮȽRiesz Ṯᡌ㘻✣Ṯㅿ

ㅿ. ሯެ䈜㓼Ⲻԁ㔃ਥԛ৸➝ᵢᮽⲺㅢ 2ㄖㅢ 2.2.3㢸, ൞䘏䠂ᡇԢуཐ䎎䘦. ૂ⺤ᇐ

ᙝ↙问题ᰬ类ղ, ᡇԢҕਥԛᓊ൦࠰ߏ随机↙问题Ⲻ䀙Ⲻ㺞䗴ᕅ:

w(X,Y ) =
1

D

[
FkG(X, Y ) +

∫
Ω

G(X,Z)g(Z)dZ +

∫
Ω

G(X,Z)h(Z)dWZ

]
. (3.24)

ѰҼؓ䇷随机源с方程䀙(3.24)Ⲻ䘸ᇐᙝ, ᡇԢሯ随机源Ⲻ㌱ᮦ方程 g ૂ h ԛсڐ

:䇴ٽ

假设 3.1：൞অᯯᐤ࠳ᮦ c(X, Y ) ∈ Lq0
loc(R2),q0 ≥ 1 ᰬ, 䇴 p0 = 2q0

2q0−1
. Ԅ㙂ᡇԢٽ

䇴 g ∈ L2(Ω) ъ h ∈ Lp(Ω), ެѣ p ┗䏩 p ∈ (p0,∞]. 䲚↚ҁཌ, ᡇԢੂṭ㾷≸ h ᱥ

η-Hölder 䘔㔣Ⲻ,  h ∈ C0,η(Ω), ެѣ η ∈ (0, 1).

Ӂᇔр, ሯ g Ⲻᒩ方ਥ〥Ⲻ㾷≸ᱥഖѰ䴶㾷ؓ䇷⺤ᇐᙝ↙问题(3.21)Ⲻ䀙Ⲻ䘸

ᇐᙝ, 㙂ሯ h Ⲻ↙ࡏᙝⲺ㾷≸ࡏᱥᶛ㠠ӄሯ随机〥分∫
Ω

G(X,Z)h(Z)dWZ

Ⲻ䘸ᇐᙝ㾷≸, ҕቧᱥ㾷≸ެ┗䏩:

E
(∣∣∣ ∫

Ω

G(X,Z)h(Z)dWZ

∣∣∣2)
=

∫
Ω

∫
Ω

G(X,Z)h(Z)c(Z − Y )G(X,Y )h(Z)dZdY <∞.

(3.25)

ѰҼ䘑ж↛䈪᱄ᡇԢٽ䇴Ⲻᗻ㾷ᙝ, ᡇԢсᶛԁ㔃ᶞуㅿᕅ:

引理 3.3：Ԛ p,q,r ≥ 1ᒬъ┗䏩 1
p
+ 1

q
+ 1

r
= ԛсуㅿᕅሯӄԱᝅࡏ,2 u ∈ Lp(Rd),v ∈

Lq(Rd),w ∈ Lr(Rd) ┗䏩:∣∣∣ ∫
Rd

∫
Rd

u(X)v(X − Y )w(Y )dXdY
∣∣∣ ≤ ∥u∥p∥v∥q∥w∥r. (3.26)
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ሼ(3.26)ᑜࡦޛᕅ(3.25)Ⲻㄥࡏᴿ:∫
Ω

∫
Ω

G(X,Z)h(Z)c(Z − Y )G(X, Y )h(Z)dZdY

=

∫
R2

∫
R2

χΩ(Z)G(X,Z)h(Z)χB2R
(Z − Y )c(Z − Y )χΩ(Y )G(X,Y )h(Y )dZdY

≤∥G(X, ·)h(·)∥2Lp0 (Ω)∥c∥Lq0 (B2R),

ެѣ R = maxY,Z∈Ω{Y, Z} ъ p0 = 2q0
2q0−1

. ⌞ᝅࡦҁࢃᡇԢ䈪᱄Ҽঅ方ᐤ࠳ᮦ┗䏩

c ∈ Lq0
loc, ެѣ q0 ≥ 1 ഖ↚䘏䠂㠠❬ᴿ p0 ∈ [1, 2].

注 3.3：ᖉঅᯯᐤ࠳ᮦѰ delta Ṯᰬ, 䙐䗽䇗㇍ᡇԢਥԛ⸛䚉:

E
(∣∣∣ ∫

Ω

G(X,Z)h(Z)dWZ

∣∣∣2) =

∫
Ω

|G(X,Z)|2h2(Z)dZ.

ъഖѰᴿ c(x) = δ(x), Ԅ㙂 q0 = 1, p0 = 2q0
2q0−1

= 2, ഖ↚䘏〃߫сᡇԢ㾷≸

h ∈ Lp(Ω), p ∈ (2,∞].

ഖѰ↙ྸࢃᮽᡶ䈪, 方程ⲺṲ᷍࠳ᮦਥԛ㺞⽰Ѱެཽ亯ࣖржѠᶄᲤᑂޯ䘔㔣

Ⲻ࠳ᮦ, 

G(X, Y ) = −|X − Y |2

8π
ln

1

|X − Y |
+ V (X,Y ),

Ԅ㙂ᡇԢᴿԛсզ䇗:

∥G(X, ·)h(·)∥2Lp0 (Ω)

=

∫
Ω

|G(X,Y )|p0h(Y )p0dY

=

∫
Ω

∣∣∣ |X − Y |2

8π
ln

1

|X − Y |
+ V (X, Y )

∣∣∣p0h(Y )p0dY

≲
∫
Ω

∣∣∣|X − Y |2 ln 1

|X − Y |

∣∣∣p0h(Y )p0dY + C

∫
Ω

h(Y )p0dY

ሯӄрᕅզ䇗Ⲻㅢӂ亯ᶛ䈪, ᡇԢ㾷≸ h 㠩ቇᱥ Lp0(Ω) Ⲻ, 㙂ሯӄㅢж亯ᶛ䈪, ṯ

ᦤ Hölder уㅿᕅᡇԢᴿզ䇗:∫
Ω

∣∣∣|X − Y |2 ln 1

|X − Y |

∣∣∣p0h(Y )p0dY

≤
(∫

Ω

|X − Y |
2p0p
p−p0

∣∣∣ ln 1

|X − Y |

∣∣∣ p0p
p−p0 dY

) p−p0
p
(∫

Ω

|h(Y )|pdY
) p0

p
.
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уㅿᕅ䗯Ⲻㅢж亯ᱥᑜᴿཽ亯Ⲻ〥分, Ԛ ρ > 0 ┗䏩 Ω ⊂ Bρ(X), ᡇԢᴿ䇗㇍:∫
Ω

|X − Y |
2p0p
p−p0

∣∣∣ ln 1

|X − Y |

∣∣∣ p0p
p−p0 dY

≤
∫
Bρ(X)

|X − Y |
2p0p
p−p0

∣∣∣ ln 1

|X − Y |

∣∣∣ p0p
p−p0 dY ≲

∫ ρ

0

r
∣∣∣r2 ln 1

r

∣∣∣ p0p
p−p0 dr.

ᱴ❬р䘦զ䇗䘸ᇐⲺࢃᨆᱥ p > p0, ഖ↚ᡇԢᗍ࠰Ҽሯ p Ⲻ㾷≸ᱥ p ∈ [p0,∞], ެ

ѣ p0 = 2q0
2q0−1

. 㙂ሯӄ࠳ᮦ h Ⲻ Hölder 䘔㔣ᙝ, ᡇԢሼ൞с䘦方程䀙Ⲻ分᷆ѣ䘑ж

↛ᨆࡦ.

定理 3.1：㤛 Ω ⊂ R2 ᱥжѠᴿ⮂॰ต. ൞ٽ䇴 3.1ᡆⲺࢃᨆс, жᆎ൞жѠ䘔

㔣Ⲻ䳅ᵰ䗽ぁ w : Ω→ R, ┗䏩:

w(X) =
Fk

D
G(X, Y ) +

1

D

∫
Ω

G(X,Z)g(Z)dZ +
1

D

∫
Ω

G(X,Z)h(Z)dWZ . (3.27)

ҕ㻡〦֒ᱥ䳅ᵰ䰤从(3.23)Ⲻᕧ䀙.

证明 3.3：俌ݾᡇԢ䇷᱄䳅ᵰ൰:

v(X) =

∫
Ω

G(X,Z)h(Z)dWZ X ∈ Ω

ޭᴿ䘔㔣⁗.

⭧ᕋ⨼ 3.26ૂ Hölder уㅿᕅ, ᡇԢሯӄ ∀X, Y ∈ Ω 䜳ᴿ:

E(|v(X)− v(Y )|2) =
∫
Ω

∫
Ω

(G(X,Z)−G(Y, Z))h(Z)

× c(Z − Φ)(G(X,Φ)−G(Y,Φ))h(Φ)dZdΦ

≤∥(G(X, ·)−G(Y, ·))h(·)∥2Lp0 (Ω)∥c∥Lq0 (B2R).

㙂ṯᦤᕋ⨼ 3.2ᡇԢᴿ∫
Ω

|G(X,Z)−G(Y, Z)|
p0p
p−p0 ≲ |X − Y |

p0p
p−p0 ,

Ԅ㙂ᴿ:

E(|v(X)− v(Y )|2) ≲ |X − Y |2.

ഖѰ v(X)− v(Y ) ᱥ儎ᯥ䳅ᵰ䠅, ᡇԢԄ㙂ሯԱᝅⲺ᮪ᮦ q 䜳ᴿ:

E(|v(X)− v(Y )|2q) ≲ (E(|v(X)− v(Y )|))2q ≤ (E(|v(X)− v(Y )|2))q ≲ |X − Y |2q.

Ԛ q ≥ 1, ᡇԢࡏ⭞〇㧡ᠾ⍑ཡ䘔㔣ᇐ⨼ᗍࡦ㔉䇰, ሯӄ䳅ᵰ൰ v ᆎ൞䘔㔣⁗.
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ᱴ❬, ᕧ䀙ⲺжᙝਥԛԄ䀙Ⲻ䀙᷆㺞䗴ѣᗍࡦ, ެжᙝਠד䎌ӄ

ެṲ᷍࠳ᮦ G, ཌ࣑ FX0 , ԛⓆ࠳ᮦ g ૂ h.

сᶛᡇԢᶺ䙖ᙝ䇷᱄ެ䀙Ⲻᆎ൞ᙝ.ᡇԢᶺ䙖жࡍ䳅ᵰ䗽ぁ Ẇ n
X ┗䏩 hẆ n

X ∈
L2(Ω), ԛжࡍ䳅ᵰ࠳ᮦ

vn(X) =

∫
Ω

G(X,Z)h(Z)dW n
Z , X ∈ Ω,

ъ䈛ᓅࡍ┗䏩ᖉ n → ∞ ᰬᴿ vn → v. Ԛ Tn = ∪n
j=1Kj ᱥ Ω ⲺжѠ↙ࡏп䀈ᖘ㓺

ᡆⲺࠖ. 䛙ѾᡇԢ࠼ެ࠰ߏ⇫ᑮᮦ䙲䘇ࡍ:

Ẇ n
X =

n∑
j=1

|Kj|−1

∫
Kj

dWXχj(X),

ެѣ χj ᱥ Kj Ⲻ⢯ᖷᯯぁ, ъᴿ:∫
Kj

dWX ∼ N (0,Varj), Varj =
∫
Kj

∫
Kj

c(X − Y )dXdY.

ᱴ❬ሯӄԱᝅⲺ q ≥ 1, ᡇԢᴿ:

E(∥Ẇ n
X∥

q
Lq(Ω)) = E

(∫
Ω

∣∣∣ n∑
j=1

|Kj|−1

∫
Kj

dWXχj(X)
∣∣∣qdX)

≲
n∑

j=1

|Kj|1−q(V arj)
q/2 <∞,

Ԅ㙂ᗍ䇷ሯӄԱᝅⲺ q ≥ 1 ᡇԢᴿ Ẇ n ∈ Lq(Ω). ᖉᡇԢ㔏ᇐжѠ┗䏩ٽ䇴 3.1Ⲻ p

ᰬ, Ԛ q ┗䏩 1
p
+ 1

q
= 1

2
, ⭧ࡏ Hölder уㅿᕅᡇԢᴿ:

∥hẆ n∥L2(Ω) ≲ ∥h∥2Lp(Ω)∥Ẇ n∥2Lq(Ω) <∞,

Ԅ㙂ਥԛᗍࡦ㔉䇰 hẆ n ∈ L2(Ω). ⨽ᕋ⭞ 3.2, ᡇԢᴿ:

E
(∫

Ω

∣∣∣ ∫
Ω

G(X,Z)h(Z)dWZ −
∫
Ω

G(X,Z)h(Z)dW n
Z

∣∣∣2dX)
=E
[ ∫

Ω

∣∣∣ ∫
Ω

n∑
j=1

χj(Y )|Kj|−1

∫
Kj

(G(X,Z)h(Z)−G(X,Y )h(Y ))dY dWY

∣∣∣2dX]
≤
∫
Ω

∣∣∣∣∣∣ n∑
j=1

χj(·)|Kj|−1

∫
Kj

(G(X, ·)h(·)−G(X, Y )h(Y ))dY
∣∣∣∣∣∣2

Lp0 (Ω)
∥c∥Lq0 (B2R)dX

≲
n∑

j=1

|Kj|−1

∫
Kj

∫
Kj

∫
Ω

|G(X,Z)h(Z)−G(X,Y )h(Y )|2dXdY dZ.
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,п䀈уㅿᕅૂḥ㾵-᯳⬜ޯуㅿᕅ⭞߃ ᡇԢᴿ:∫
Ω

|G(X,Z)h(Z)−G(X,Y )h(Y )|2dX

≲
∫
Ω

|G(X,Z)−G(X, Y )|2|h(Z)|2dX +

∫
Ω

|G(X,Y )|2|h(Z)− h(Y )|2dX.

⭧ӄᡇԢ൞ٽ䇴 3.1ѣ䇴 h ᱥ η-Hölder 䘔㔣Ⲻ, ԛṯᦤᕋ⨼ 3.1ૂ 3.2, ᡇԢᴿ:∫
Ω

|G(X,Z)h(Z)−G(X,Y )h(Y )|2dX

≤
∫
Ω

|G(X,Z)h(Z)−G(X,Y )(h(Z) + |Z − Y |η)|2dX

≲ h2(Z)

∫
Ω

|G(X,Z)−G(X, Y )|2dX + |Z − Y |2η
∫
Ω

|G(X,Y )|2dX

≲ h2(Z)|Z − Y |2 + |Z − Y |2η,

Ԅ㙂ᴿ:

E
(∫

Ω

∣∣∣ ∫
Ω

G(X,Z)h(Z)dWZ −
∫
Ω

G(X,Z)h(Z)dW n
Z

∣∣∣2dX)
≲

n∑
j=1

|Kj|−1

∫
Kj

∫
Kj

h2(Y )|Z − Y |2dY dZ +
∑
j=1

|Kj|−1

∫
Kj

∫
Kj

|Y − Z|2ηdY dZ

≤∥h∥2L2(Ω) max
1≤j≤n

(diamKj)
2 + |Ω| max

1≤j≤n
(diamKj)

2η

ഖѰ n→ 0 ᰬ Kj Ⲻᖺ diamKj 䏁ӄ䴬, Ԅ㙂рᕅᖉ n→∞ ᰬ䏁ӄ䴬. ሯӄ∅ж

Ѡ n ∈ N, ᡇԢ㘹㲇ԛс䳅ᵰ䰤从:
D∆2wn(X) = Fkδ(X − Y ) + g(X) + h(X)Ẇ n

X X ∈ Ω,

wn(X) = 0 X ∈ Γ,

∆wn(X) = 0 X ∈ Γ.

(3.28)

ഖѰ h(X)dW n
X ∈ L2(Ω), ᡶԛ䰤从(3.28)ᆎ൞ж䀙, ъᴿԛс㺞䗴ᖘᕅ:

wn(X, Y ) =
1

D

[
FkG(X,Y ) +

∫
Ω

G(X,Z)g(Z)dZ + vn(X)
]
. (3.29)

ഖѰᖉ n → ∞ ᰬ E(∥wn − w∥2L2(Ω)) = E(∥vn − v∥2L2(Ω)) → 0, ᡶԛᆎ൞ wn Ⲻж

㓺ᆆᓅ᭬ࡍᮑࡦ w. ሯᕅ(3.29)ѣԚ n → ∞, ᡇԢቧᗍࡦҼ䰤从Ⲻᕧ䀙Ⲻ㺞䗴ᖘ

ᕅ(3.27)ᒬъᇂᡆҼ䈛䇷᱄.

注 3.4：ᱴ❬ᡇԢਥԛԄᕅ(3.27)ѣⵁ࠰,↙䰤从Ⲻᕧ䀙ѣᖉ h = 0, ҕቧᱥ⋗ᴿ䳅ᵰ

亯Ⲻᰬُ, 䳅ᵰ䰤从Ⲻᕧ䀙ҕቧ䘶ौѰҼ⺤ᇐᙝ䰤从Ⲻ䀙.
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3.4 随机反问题

൞ᵢ㢸ѣ, ᡇԢะӄр䘦≸ሲ࠰Ⲻ↙问题ᕧ䀙(3.27)㔏࠰䠃ᶺ随机源ᵕᵑ g(X)

ૂ方ᐤ h2(X) ԛࡐᓜ㌱ᮦ D Ⲻ方⌋. ⭧ӄᡶ㔏⛯ཌ࣑Ⲻཝቅ Fk ਥԛ൞⎁䠅䙊ѣ

ؓᤷᚈᇐ, ъ㮺ᶵᖘᥖᓜӻ൞䱺ࣖ⛯࣑䀜༺ᗍԛ⎁䠅, ഖ↚ᡇԢᑂᵑ㜳ཕ䙐䗽

ᮦᦤ w(Y, Y ), Y ∈ Ω ж䠃ᶺᗍࡦ随机源. ⌞ᝅࡦ൞䘏䠂, ᡇԢٽᇐ随机源ᱥⲳಠ

丩, 㙂䶔ᴿ㢨ಠ丩,  c(X − Y ) = δ(X − Y ). 俌ݾ, ᡇԢะӄрж㢸㔏࠰Ⲻᕧ䀙Ⲻ䀙

᷆㺞䗴ᖘᕅ᧞ሲ࠰⭞ԛ䠃ᶺ随机源Ⲻᵕᵑૂ方ᐤⲺ两Ѡ Fredholm 〥分方程. ռᱥ

䘏䠂⌞ᝅࡦᡇԢ≸࠰Ⲻ Fredholm 〥分方程ᱥу䘸ᇐⲺ, ഖ↚随ᡇԢሼ⭞ਿ⍠

䈰ཡ↙ࡏौ方⌋ᶛ≸䀙ᓊⲺ〥分方程, Ԅ㙂䀙ߩᡇԢᨆ࠰Ⲻ随机反源问题.

3.4.1 〥分方程

俌ݾ,ሯӄ问题(3.23),㤛ཌ᯳࣑ࣖ⛯Ѱ Y ,ᡇԢᴿᥖᓜ w(X, Y )൞ X = Y ᰬⲺ

ᕧ䀙᷆㺞䗴ᕅ:

w(Y ) =
1

D

[
FkG(Y, Y ) +

∫
Ω

G(Y, Z)g(Z)dZ +

∫
Ω

G(Y, Z)h(Z)dWZ

]
.

⭧ Itôㅿ䐓ޢᕅ, ᡇԢᴿ:

E
[ ∫

Ω

G(Y, Z)h(Z)dWZ

]
= 0,

ഖ㙂ᡇԢሯ方程两䗯≸ᵕᵑᗍࡦ:

E
[
w(Y )

]
=

1

D

[
FkG(Y, Y ) +

∫
Ω

G(Y, Z)g(Z)dZ
]
.

ᡇԢ൞⎁䠅ᰬ两ѠуੂٲⲺ䱺ࣖ⛯࣑ F1 ૂ F2, 两ѠуੂⲺ随机൰ࡦਥԛᗍࡏ

w1(Y ) ૂ w2(Y ), ഖ㙂ሯӄީ㌱ᕅ(3.30), ᡇԢਥԛᗍࡦ:

E
[
w1(Y )

]
=

1

D

[
F1G(Y, Y ) +

∫
Ω

G(Y, Z)g(Z)dZ
]
≜ E1, (3.30)

E
[
w2(Y )

]
=

1

D

[
F2G(Y, Y ) +

∫
Ω

G(Y, Z)g(Z)dZ
]
≜ E2. (3.31)

ഖѰಠ丩уཌࣖ⛯࣑ᖧଃ, Ԅ㙂ࡐᓜ㌱ᮦਥԛㆶঋ⭧сᕅ㇍࠰:

D = G(Y, Y )
F1 − F2

E1 − E2

, ∀Y ∈ Ω. (3.32)

⌞ᝅࡦ䘏䠂ሯӄԱᝅ㔏ᇐⲺжѠ Y ∈ Ω 䜳ਥԛ䇗㇍ᗍࡦ䘏ж㌱ᮦ, ⨼䇰р᯳ࣖཌ࣑

Ⲻ⛯ⲺौуՐሯ D Ⲻ䇗㇍ӝ⭕ᖧଃ. ሼ(3.32)ᑜࡏ(3.30)ޛਥԛᗍࡦсࡍ〥分方程

㺞䗴ᕅ: ∫
Ω

G(Y, Z)g(Z)dZ =
E2F1 − E1F2

E1 − E2

G(Y, Y ) ≜ Ê
[
w(Y )

]
. (3.33)
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ੂᰬᡇԢ⭞ 2.2.3㢸ѣⲺᇐ⨼ 2.13, Ԅ㙂ᴿ

E
[∣∣∣ ∫

Ω

G(Y, Z)h(Z)dWZ

∣∣∣2]
=

∫
Ω

∫
Ω

G(Y, Z)h(Z)c(Z − Φ)G(Y,Φ)h(Φ)dZdΦ

=

∫
Ω

|G(Y, Z)|2h2(Z)dZ

(3.34)

Ԅ㙂ᡇԢሯ方程两䗯≸方ᐤᗍࡦ:

Var
[
Dw(Y )

]
= D2Var

[
w(Y )

]
= Var

[ ∫
Ω

G(Y, Z)h(Z)dWZ

]
=

∫
Ω

|G(Y, Z)|2h2(Z)dZ.

(3.35)

䘏䠂Ⲻ D ᐨ⭧ҁࢃⲺᕅ(3.32)䇗㇍ᗍ࠰. Ԅ㙂ᡇԢᗍࡦҼީӄ g ૂ h Ⲻ两Ѡ Fred-

holm 〥分方程.

Ԅ㔕䇗ᝅѿрᶛ䇨, ሯ g ૂ h Ⲻ䠃ᶺ䜳䴶㾷⭞ࡦሯⵕᇔᮦᦤⲺᵕᵑૂ方ᐤ. ṯ

ᦤᕰཝᮦᇐᗁ, 随机䠅Ⲻᵕᵑਥԛ㻡ཝ䠅⤢ੂ分ᐹⲺᇔ僂ᮦᦤⲺൽٲ䙲䘇. ռ

ᱥᡇԢⲺᇔ僂⅗ᮦਠ㜳ᱥᴿ䲆Ⲻ, ഖ↚ᇔ䱻рᗍࡦⲺᵕᵑૂ方ᐤᙱᱥᴿ䈥ᐤᆎ൞Ⲻ.

3.4.2 ᮦٲ方⌋

俌ݾᡇԢݾ㔏࠰方程Ṳ᷍࠳ᮦⲺ㓝ᮦ㺞䗴ᖘᕅ⭞ӄ㔣ᮦٲ䇗㇍. ሯӄ⸟ᖘ䗯

⮂сⲺ问题(3.23),ᡇԢਥԛሼެⵁڐᱥ两Ѡ┗䏩⣺ށ䴭䗯⮂Ⲻ⌀ᶴ方程㙜ਾⲺ㔉

᷒, (3.19)Ⲻᖘᕅ. ྸ᷒ᡇԢ䇴⌀ᶴ方程ⲺṲ᷍࠳ᮦѰ G∗(X, Y ), :ᱴ❬ᴿࡏ

M(Z) =

∫
Ω

G∗(X,Z)f(X)dX,

w(Y ) =

∫
Ω

G∗(Y, Z)M(Z)dZ

=

∫
Ω

G∗(Y, Z)
(∫

Ω

G∗(X,Z)f(X)dX
)
dZ

=

∫
Ω

(∫
Ω

G∗(Y, Z)G∗(X,Z)dZ
)
f(X)dX

≜
∫
Ω

G(Y,X)f(X)dX.

(3.36)

ᡶԛ问题(3.23)ⲺṲ᷍࠳ᮦਥԛ֒ߏ两ѠᲤᯥ㇍ᆆ൞⣺ށ䴭䗯⮂ᶗԬсⲺ〥

分,  G(X, Y ) =
∫
Ω
G∗(Z,X)G∗(Z, Y )dZ. 㙂ሯӄᲤᯥ㇍ᆆ൞⸟ᖘ॰ต⣺ށ

䴭䗯⮂сⲺṲ᷍࠳ᮦ, ᡇԢਥԛ⭞ެ⢯ᖷ࠳ᮦኋᔶⲺᖘᕅ㺞⽰.

ᡇԢ⸛䚉, ྸ᷒жѠ微分㇍ᆆ L ᆎ൞ж㌱ࡍ⢯ᖷ方程 Ψn ૂ⢯ᖷٲ λn ֵᗍެ
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┗䏩 LΨn = λnΨn, ъ {Ψn} ᱥᇂ༽Ⲻ, ެ┗䏩:

δ(X − Y ) =
∞∑
n=0

Ψ†
n(X)Ψn(Y )

:ᮦ┗䏩࠳Ṳ᷍ࡏ

G(X, Y ) =
∞∑
n=0

Ψ†
n(X)Ψn(Y )

λn

,

ެѣ † ԙ㺞ާ䖣䖢㖤.

ሯӄ⸟䱫॰ต X = (x1, x2) ∈ [0, a] × [0, b] с┗䏩⣺ށ䴭䗯⮂ⲺᲤᯥ㇍

ᆆ, ެ⢯ᖷ࠳ᮦѰ:

Ψmn(X) = sin
(mπx1

a

)
sin
(nπx2

b

)
ъެሯᓊⲺ⢯ᖷٲѰ:

λmn = π2
[(m

a

)2
+
(n
b

)2]
:ᡇԢᴿࡏ

G∗(X, Y ) =
∞∑

m=1

∞∑
n=1

Ψmn(X)Ψmn(Y )

λmn

.

ሼрᕅᑜࡏ(3.36)ޛᴿ:

G(X,Y ) =

∫
Ω

G∗(X,Z)G∗(Z, Y )dZ

=

∫
Ω

∑
m

∑
n

Ψmn(X)Ψmn(Z)

λmn

·
∑
p

∑
q

Ψpq(Y )Ψpq(Z)

λpq

dZ

=
∑
m

∑
n

∑
p

∑
q

[Ψmn(X)Ψpq(Y )

λmnλpq

∫
Ω

Ψmn(Z)Ψpq(Z)dZ
]

⭧ӄ⢯ᖷ࠳ᮦⲺ↙Ӛᙝ, рᕅਠ൞ m = p, n = q ᰬ䶔䴬, ഖ㙂ᡇԢᗍࡦ:

G(X,Y ) =
ab

4

∑
m

∑
n

[Ψmn(X)Ψmn(Y )

λ2
mn

]
(3.37)

⭧ᕋ⨼ 3.1ᡇԢ⸛䚉 G(X, Y )ሯӄരᇐⲺ Y ∈ Ω┗䏩 G(X, Y ) ∈ L2(Ω),ъ Ωᱥ

жѠᴿ⮂॰ต, ᱴ❬ᴿ G(X,Y ) ∈ L2(Ω×Ω;R). Ԅ㙂᱉ӄ僂䇷 G(X, Y ) ᱥжѠᑂቊ

ե⢯-᯳ᇼ⢯Ṯ, Ԅ㙂〥分㇍ᆆ (Gg)(X) =
∫
Ω
G(X,Y )g(Y )dY ᱥ L2(Ω) рⲺжѠሯ

〦㍝㇍ᆆ.ഖ↚䘏Ѡ〥分㇍ᆆᆎ൞ж㌱ࡍⲺᇔ⢯ᖷٲԛжⲺ㚐⛯䴬.䘏ҕሲ㠪Ҽ

ެᓊⲺ䘼㇍ᆆᱥᰖ⮂Ⲻ, ഖ↚≸䀙䘏ж反问题ᗻ❬ᱥуどᇐⲺ. ੂ⨼, ᡇԢҕਥԛ

ᗍ࠰⭞ӄ䠃ᶺ h = h2 Ⲻ〥分㇍ᆆ G ᡶሯᓊⲺ方程 (Gh)(X) =
∫
Ω
G2(X, Y )h(Y )dY

ᱥу䘸ᇐⲺ.
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ഴ 3.3 Ṯ࠳ᮦ分ࡡѰ G(x, y)(ᐜ) ૂ G2(x, y)() Ⲻ Fredholm 〥分㇍ᆆⲺཽᔸٲ分ᐹ (ሯᮦ

(ᓜсࡱ

ᇔ䱻р, Ԅᮦٲрᶛ䇨, ᱴ❬ਥԛԄഴ 3.3ѣⵁ࠰㺞䗴ᕅ(3.33)ૂ(3.35)Ⲻ〥分㇍

ᆆⲺཽᔸٲс䲃Ⲻ䶔ᑮ䗻䙕, Ԅ㙂Ԅᮦٲр䀙䠀Ҽу䘸ᇐ问题൞ᮦٲ㇍⌋ѣⲺуど

ᇐᙝ.

ѰҼ༺⨼р䘦ഖᑜᶛⲺуどᇐᙝ, ᡇԢሼ⭞ਿ⍠䈰ཡ↙ࡏौ方⌋ᶛ༺⨼ᮦ

ᦤ. ᇐѿ J ᱥԙԭ࠳ᮦ, ┗䏩:

J1(g) =
∣∣∣∣∣∣ ∫

Ω

G(Y, Z)g(Z)dZ − Ê
[
w(Y )

]∣∣∣∣∣∣2
L2

+ α∥g∥2L2

=
∣∣∣∣∣∣Gg − Ê[w]

∣∣∣∣∣∣2
L2

+ α∥g∥2L2 ,

J2(h) =
∣∣∣∣∣∣ ∫

Ω

G2(Y, Z)h(Z)dZ − Var
[
Dw(Z)

]∣∣∣∣∣∣2
L2

+ β∥h∥2L2

=
∣∣∣∣∣∣Gh− Var[Dw]

∣∣∣∣∣∣2
L2

+ β∥h∥2L2 ,

ެѣ α ૂ β ᱥ↙ࡏौ৸ᮦ.

⭧ㅢ 2.1.2㢸Ⲻᇐ⨼ 2.10ᡇԢ⸛䚉,у䘸ᇐ方程Ⲻ↙ࡏौ䀙 gα ф hα фԙԭ࠳ᮦ

ᴿԛсީ㌱:

gα = argmin
g

J1(g),

hα = argmin
h

J2(h),

ъԙԭ࠳ᮦᴶቅ൞ެụᓜㅿӄ䴬ᰬࡦ, ഖ↚ሯㅿᕅ≸ Fréchet ሲᮦᒬެㅿӄ䴬

:ᴿࡏ

αgα(Y ) +

∫
Ω

∫
Ω

G(Y,X ′)G(X ′, Z)gα(Z)dZdX
′ =

∫
Ω

G(Y, Z)Ê
[
w(Z)

]
dZ, (3.38)
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βhα(Y ) +

∫
Ω

∫
Ω

G2(Y,X ′)G2(X ′, Z)hα(Z)dZdX
′ =

∫
Ω

G2(Y, Z)Var
[
Dw(Z)

]
dZ,

(3.39)

3.5 ᮦٲ㇍⌋

൞ᵢ㢸ѣ, ᡇԢሼݾ䇞䇰↙问题ૂ反问题≸䀙Ⲻ㇍⌋. ᒬ㔏࠰两Ѡᮦٲᇔׁ

⭞ԛ䈪᱄㇍⌋Ⲻᴿ᭾ᙝ.

3.5.1 ⁗ශᮦᦤ↙问题≸䀙

ѰҼ䚵ރ↙问题≸䀙⭞ࡦⲺ源ૂ反问题ᗍࡦⲺ㔉 ć᷒↙ླĈжṭ,ᡇԢ䴶㾷⭞

Ֆ㔕Ⲻᮦٲ䇗㇍方⌋ᶛ≸䀙↙问题(3.24), 㙂у㜳⭞〥分方程(3.23)ᶛᗍࡦ㔉

᷒. ഖѰᵢᮽѣ研究Ⲻӂ㔪ਂ䈹ૂ方程ਥԛⵁڐᱥ两Ѡ㙜ਾⲺᲤᯥ方程, ᡶԛ

൞ᵢ㢸ѣᡇԢሼ⭞ӊ⛯ᐤ分方⌋䙐䗽≸䀙两Ѡ㙜ਾⲺᲤᯥ方程ᶛᗍࡦ w ᮦ

ᦤ.

ᡇԢ⸛䚉, ᴿ䲆ᐤ分⌋Ⲻᙓᜩᱥ⭞ᐤ分ᶛԙᴵ偏ሲᮦ, :

∂u

∂x
≃ ∆w(x+∆x, y)

∆x
∂u

∂y
≃ ∆w(x, y +∆y)

∆y
.

Ԛ≸䀙॰ตѰ x ∈ [0, a], y ∈ [0, b] Ⲻ⸟ᖘ॰ต,x 方ੇⲺ↛䮵Ѱ hx,y 方ੇ↛䮵Ѱ hy,

ъᴿ:

xi = (i− 1)× hx, i = 1, 2, . . . , Nx, Nx = a/hx,

yj = (j − 1)× hy, j = 1, 2, . . . , Ny, Ny = b/hy,

wij ≜ w(xi, yj) ≜ w(Xij).

Ფᯥ㇍ᆆ⿱ᮙⲺӊ⛯ᐤ分ṲᕅѰ:

∆wij =
wi+1,j − 2wij + wi−1,j

h2
x

+
wi,j+1 − 2wij + wi,j−1

h2
y

.

Ԅ㙂ᡇԢਥԛᗍ࠰Ფᯥ㇍ᆆⲺ⿱ᮙ⸟䱫, 㙂ሯӄ⛯ཌ࣑ Fkδ(X −X0) ѣⲺ⣺

,ᮦ࠳ށ ᡇԢ䙐䗽ԛс࠳ᮦ䘑㺂⿱ᮙ䙲䘇:

δ(Xij − Ykl) = lim
σ→0

1

σ
√
π
exp(

(xi − xk)
2 + (yj − yl)

2

σ2
).

ሯӄ随机源 h(X)ẆX ѣⲳಠ丩Ⲻ⿱ᮙ, ⭧ӄ随机䗽程Ⲻሲᮦ ẆX ਠ൞分ᐹсᆎ൞

ᝅѿ, ഖ↚൞⿱ᮙсᡇԢࡏᴿ:

ẆXij
=

∫
Iij

dWX
d
=
√
|Iij|ξij.
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ެѣ Iij = [xi−1, xi]× [yj−1, yj] = hx× hy,ξij ᱥ䈛॰䰪рᵃԄḽ↙ᘷ分ᐹⲺ随机

䠅.

3.5.2 反㌱ᮦ问题

൞两ѠуੂⲺཌ࣑ᮦٲ F1 ૂ F2 , ṯᦤީ㌱ᕅ(3.32)ᡇԢᖾᇯ᱉≸䀙ᗍ࠰

.ᓜ㌱ᮦࡐ ൞䘏䠂ٲᗍ⌞ᝅⲺᱥ, ⨼䇰рᡇԢਠ䴶㾷Ա॰ตԱᝅж⛯᯳ࣖཌ࣑

䘑㺂䈛⛯Ⲻᥖᓜ⎁䠅ቧਥԛ≸ᗍެࡐᓜ㌱ᮦ D, :

D(Xij) = G(Xij, Xij)
F1 − F2

E1(Xij)− E2(Xij)
, Xij = (xi, yj).

൞сᶛⲺᇔׁѣᡇԢሼ㔏࠰൞॰ต∅ж⛯≸ᗍⲺࡐᓜ㌱ᮦഴ܅.

3.5.3 随机源≸䀙䠃ᶺ

൞≸ᗍࡐᓜ㌱ᮦ D ҁ, ᡇԢਥԛ⭞Ṳ᷍࠳ᮦ G(X,Y ) Ⲻ㓝ᮦ㺞䗴ᖘ

ᕅ(3.37)ᶛ⿱ᮙ方程(3.33)ф(3.35)ᗍࡦ⿱ᮙⲺᮦᦤ⁗ශ:

Kg = w1,

Kh = w2.

ެѣ,K ૂ K 分ࡡѰ⿱ᮙ㇍ᆆ G ૂ G ᗍࡦⲺ⸟䱫,g ૂ h ѰᡇԢ䴶㾷䠃ᶺⲺ随机
源࠳ᮦⲺ⿱ᮙٲ,w1 Ѱ⿱ᮙⲺ Ê

[
w
]
,w2 Ѱ⿱ᮙⲺ Var

[
Dw(Y )

]
.

ഖѰр䘦方程Ⲻу䘸ᇐᙝ, ᡇԢ䴶㾷൞ᮦٲ䇗㇍р䘑㺂↙ࡏौ༺⨼, ൞ᵢㄖѣ

ᡇԢ䘿ਿ⍠䈰ཡ↙ࡏौ方⌋, ޭ։ᇐѿ㺞䗴ᖘᕅ൞ㅢ 2.1.2ѣ㔏࠰, ൞䘏䠂у߃

䎎䘦. 㙂ީӄ↙ࡏौ৸ᮦⲺ䘿, ᡇԢ䟽⭞ L ᴨ㓵⌋. ሯӄ䠃ᶺ随机源࠳ᮦᵕᵑ g ᶛ

䈪, 䇴⸟䱫 K Ⲻཽᔸٲ分䀙Ѱ K = Udiag(si)V T , ⭧ㅢ 2.1.2㢸ᡇԢ⸛䚉 L ᴨ㓵ᱥᴿ

ީ X(α) = logR(α) ૂ Y (α) = logS(α) Ⲻᴨ㓵, ެѣ α ᱥ↙ࡏौ৸ᮦ,S(α) ᱥ↙ࡏ

ौ䀙ੇ䠅 gα Ⲻ㤹ᮦ,R(α) ᱥ↙ࡏौ⇁ᐤⲺ㤹ᮦ Kgα − w1. ⭧ӄਿ⍠䈰ཡ↙ࡏौؓ

䇷Ҽ X(α) ૂ Y (α) Ⲻݿ┇ᙝ, ᡶԛሯӄ⺤ᇐ L ᴨ㓵ᤆ⛯ሯᓊⲺ α ৸ᮦٲㅿԭӄᴶ

ཝᴨ⦽方程

κ(α) =
X ′′(α)Y ′(α)−X ′(α)Y ′′(α)(

X ′(α) + Y ′(α)
)3/2 .

㔉ਾཽᔸٲ分䀙сⲺ↙ࡏौ䀙㺞⽰(2.9)ᡇԢᴿ

R(α) =
∑
si>0

[
wα(s

2
i )− 1

]2
ĝ2i +

∑
si=0

d̂2i ,

S(α) =
∑
si>0

wα(s
2
i )
ĝ2i
si
vi,
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ъਥԛ䙐䗽䇷᱄ᗍࡦ

R′(α) = −αS ′(α).

ሼр䘦ީ㌱ᑜޛᴨ⦽方程ᴿ

κ(α) = −
R(α)S(α)

[
αR(α) + α2S(α)

]
+
[
R(α)S(α)

]2
/S ′(α)[

R2(α) + α2S2(α)
]3/2 . (3.40)

ޭ։㇍⌋ྸс:

Algorithm 1 ≸随机源࠳ᮦᵕᵑ g Ⲻ↙ࡏौ䀙 gα
Require: ⸟䱫 K ∈ RN×N , ᮦᦤ w1 ∈ RN , ৸ᮦ α 䟽ṭ⛯ n, ৸ᮦ α ᴶቅ㾷≸ αmin

1: [U, S, V ] = svd(K) ▷ ሯ K ڐ SVD 分䀙,  K = USV T

2: s← diag(S), β ← UTw1, ξ ← β./s ▷ .∗ ф ./ 分ࡡѰੇ䠅ᡌ⸟䱫ሯᓊݹ㍖Ҏ䲚

3: αn ← max{αmin. ∗ s1, sN}, ratio← (s1/αn)
(n−1)−1

4: for i = n− 1, . . . , 1 do

5: αi ← ratio× αi+1

6: end for

7: for i = 1 . . . n do

8: f ← s2./(s2 + α2
i ) ▷ 䪾ሯ∅жѠ α Ⲻ䗽┚࠳ᮦ, 䘏䠂ੇ䠅ᒩ方Ѱ分ݹࡡ㍖Ҏ方

9: ηi ← ∥f. ∗ ξ∥, ρi ← ∥(1− f). ∗ β∥ ▷ K Ⲻ〟Ѱ N , ཽᔸٲൽཝӄ䴬

10: end for

11: c← −curvature(ρ, η) ▷ ㇍ᕅ(3.40)䇗ޢ⭧ L ᴨ㓵Ⲻ䍕ᴨ⦽

12: [cmin, ci]← min(c) ▷ cmin, ci 分ࡡѰᴶቅ䍕ᴨ⦽ૂሯᓊⲺආḽ
13: rc ← fminbnd(αgi−1,gi+1) ▷ ൞ṭ॰䰪 (αgi−1,gi+1) ѣᢴࡦቶ䜞ᴶቅ䍕ᴨ⦽ሯᓊⲺ α ٲ rc
14: f ← (s2)./(s2 + rc2), ηc ← ∥f. ∗ ξ∥, ρc ← ∥(1− f). ∗ β∥
15: gα ← V × f. ∗ ξ

сᶛс䶘ᡇԢ㔏࠰两Ѡᮦٲᇔׁ, 䘑ж↛分᷆㇍⌋Ⲻ⺤ᙝૂᴿ᭾ᙝ.

3.5.4 ᮦٲ㇍ׁ㔉᷒分᷆

例 3.1：ᡇԢԚ F1 = 10N ,F2 = 20N , ᓜ㌱ᮦࡐ D = 0.05, ॰ตѰ a = b = 1. Ⓠ࠳

ᮦѰ:

g = sin(
2πx

a
) sin(

πy

b
)

h = 5 sin(
πx

a
) sin(

πy

b
);

䠃གྷ䈋僂 500 ⅗, ъᮦᦤᑜᴿ 3% Ⲻ⎁䠅䈥ᐤ.
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俌ݾᡇԢ㔏࠰⺤ᇐᙝ↙䰤从Ⲻ᭬ᮑ䙕ᓜ, ሯӄ䰤从
D∆2w(X) = F1δ(X −X0), X = (x1, x2) ∈ [0, 1]× [0, 1]

w(0, x2) = w(1, x2) = w(x1, 0) = w(x1, 1) = 0

∆w(0, x2) = ∆w(1, x2) = ∆w(x1, 0) = ∆w(x1, 1) = 0.

ᖉ X0 = (0.5, 0.5), (0.2, 0.8) ૂ (0.1, 0.1) ᰬ, ൞уੂ↛䮵Ⲻ߫с䇗㇍ᗍ࠰Ⲻᥖᓜ

w(X0) фެૂⵕᇔٲⲺሯ䈥ᐤྸс㺞ᡶ⽰:

㺞 3.1 ⺤ᇐᙝ↙问题൞уੂ↛䮵сⲺ䀙фެᓊⲺሯ䈥ᐤ

॰䰪Ѡᮦ 10× 10 20× 20 40× 40 80× 80 160 ∗ 160

w(X0), X0 = (0.5, 0.5) 1.3394e-01 1.4163e-01 1.4401e-01 1.4472e-01 1.4493e-01

err(X0 = (0.5, 0.5)) 7.6327e-02 2.3308e-02 6.8685e-03 1.9748e-03 5.5605e-04

w(X0), X0 = (0.2, 0.8) 4.0533e-02 4.6152e-02 4.8041e-02 4.8628e-02 4.8803e-02

err(X0 = (0.5, 0.5)) 1.7066e-01 5.5682e-02 1.7036e-02 5.0250e-03 1.4414e-03

w(X0), X0 = (0.1, 0.1) 7.9534e-03 1.1304e-02 1.2707e-02 1.3179e-02 1.3326e-02

err(X0 = (0.5, 0.5)) 4.0587e-01 1.5558e-01 5.0751e-02 1.5510e-02 4.5548e-03

F2 = 20N , ↛䮵 hx = hy = 0.05 ᰬ,E
[
w(X)

]
Ⲻ࠳ᮦഴ܅Ѱ:

ഴ 3.4 ⛯ཌ࣑Ѱ 20N, ᇔ僂⅗ᮦ 500 ⅗≸ᒩൽⲺ↙问题࠳ᮦ≸䀙ഴ܅

ሯӄ॰ตѣ∅жѠ⛯㇍࠰Ⲻ D ⲺٲѰ:
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ഴ 3.5 ॰ต∅ж⛯р≸ᗍⲺࡐᓜ㌱ᮦ Dδٲ⺤Ѱ 0.05ε

≸䀙Ⓠ࠳ᮦ g ૂ h2 ᰬ⭞ԛ৸ᮦ䘿Ⲻ L ᴨ㓵ྸсᡶ⽰:

(a) 䠃ᶺ g Ⲻ L ᴨ㓵 (b) 䠃ᶺ h Ⲻ L ᴨ㓵

ഴ 3.6 ㇍ׁ 3.1Ⲻ源࠳ᮦ↙ࡏौ৸ᮦ䘿

䙐䗽ഴ܅ 3.6ሯ↙ࡏौ৸ᮦ α ૂ β 䘑㺂䘿, :ᮦ䠃ᶺ㔉᷒ྸс࠳ެ

(a) 随机源ᵕᵑ g Ⲻⵕᇔٲ (b) 䠃ᶺ࠰Ⲻ随机源ᵕᵑ g

ഴ 3.7 随机源ᵕᵑ g Ⲻ䠃ᶺ㔉᷒
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(a) 随机源方ᐤ h2 Ⲻⵕᇔٲ (b) 䠃ᶺ࠰Ⲻ随机源ᵕᵑ g

ഴ 3.8 随机源方ᐤ h2 Ⲻ䠃ᶺ㔉᷒

例 3.2：ᡇԢԚࡐᓜ㌱ᮦ D = 0.15, Ⓠ࠳ᮦѰ:

g = sin(
2πx

a
) sin(

πy

b
) cos(

3πy

2b
),

h = 15 cos(
2πxy

a
) sin(

2πy

b
) sin(

πx

a
);

ެ֏৸ᮦ䇴㖤ф㇍ׁ 3.1ੂ.

F1 = 10N ᰬ,E
[
w(X)

]
Ⲻ࠳ᮦഴ܅Ѱ:

ഴ 3.9 ⛯ཌ࣑Ѱ 10N, ᇔ僂⅗ᮦ 500 ⅗≸ᒩൽⲺ↙问题࠳ᮦ≸䀙ഴ܅

ሯӄ॰ตѣ∅жѠ⛯㇍࠰Ⲻ D ⲺٲѰ:
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ഴ 3.10 ॰ต∅ж⛯р≸ᗍⲺࡐᓜ㌱ᮦ Dδٲ⺤Ѱ 0.15ε

≸䀙Ⓠ࠳ᮦ g ૂ h2 ᰬ⭞ԛ৸ᮦ䘿Ⲻ L ᴨ㓵ྸсᡶ⽰:

(a) 䠃ᶺ g Ⲻ L ᴨ㓵 (b) 䠃ᶺ h Ⲻ L ᴨ㓵

ഴ 3.11 ㇍ׁ 3.1Ⲻ源࠳ᮦ↙ࡏौ৸ᮦ䘿

䙐䗽ഴ܅ 3.11ሯ↙ࡏौ৸ᮦ α ૂ β 䘑㺂䘿, :ᮦ䠃ᶺ㔉᷒ྸс࠳ެ

(a) 随机源ᵕᵑ g Ⲻⵕᇔٲ (b) 䠃ᶺ࠰Ⲻ随机源ᵕᵑ g

ഴ 3.12 随机源ᵕᵑ g Ⲻ䠃ᶺ㔉᷒
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(a) 随机源方ᐤ h2 Ⲻⵕᇔٲ (b) 䠃ᶺ࠰Ⲻ随机源方ᐤ h2

ഴ 3.13 随机源方ᐤ h2 Ⲻ䠃ᶺ㔉᷒

Ԅр䘦两Ѡ㇍ׁѣਥԛⵁ࠰, ሯࡐᓜ㌱ᮦ反╊ᰬ, 䏀䘇॰ต䜞, ≸ᗍⲺᮦٲ

䏀䘇ⵕᇔٲ, 䈥ᐤ䏀ቅ, 㙂䏀䏁ӄ䗯⮂ᰬ, ≸ᗍⲺᮦٲ䏀偏⿱ⵕᇔٲ, 䈥ᐤ䏀ཝ.

䘏ᱥഖѰ E1 ૂ E2 ൞䏀䘇䗯⮂Ⲻᰬُ,ެᐤٲቧ䏀ቅ,ҕ䏀䘇䴬,Ԅ㙂䙐䗽≸䀙

D Ⲻ㺞䗴ᕅ(3.32)ᡇԢ⸛䚉, ൞䶖䘇䗯⮂Ⲻ⛯≸䀙 D ,䏀уどᇐٲ ᴪᇯ᱉ࡦ䈥

ᐤⲺᖧଃ, ሲ㠪≸ᗍⲺ偏ᐤ䏀ཝ.

㙂䠃ᶺ随机源࠳ᮦ g ૂ h2 ᰬ, ᡇԢਇ⧦㇍⌋ሯӄ反╊随机源ᵕᵑ g(X) Ⲻ᭾᷒

㾷Վӄሯ方ᐤ h2(X) Ⲻ反╊᭾᷒, Ԅഴ 3.8ૂ 3.13Ⲻሯ∊ਥԛⵁ࠰, ᖉ随机源方ᐤ࠳

ᮦ㾷ᴪѰ䴽㦗ᰬ, ެ反╊᭾᷒㾷ᴪᐤжӑ.

3.6 ᵢㄖቅ㔉

ᵢㄖ㢸ᡇԢะӄㆶ᭥⸟ᖘ㮺ᶵᖘⲺ⢟⨼⁗ශ, 研究Ҽӂ㔪ਂ䈹ૂ方程Ⲻ随机

反源问题, ᒬ൞жᇐⲺ↙ࡏᙝૂ随机源ᶺᡆⲺٽ䇴с㔏࠰Ҽެ↙问题䘸ᇐᙝⲺ䇷᱄.

൞ެ↙问题䘸ᇐⲺะр, ᡇԢ㔏࠰Ҽྸ䙐䗽⛯ཌ࣑ F ૂᥖᓜⲺ⎁䠅, 反╊ެࡐ

ᓜ㌱ᮦ D ԛ䠃ᶺ随机源Ⲻᵕᵑૂ方ᐤⲺ㇍⌋, ሼ㘻䖢ौѰ≸䀙ж类 Fredholm

〥分方程, ᒬ䙐䗽ਿ⍠䈰ཡ↙ࡏौᶛ䀙ߩ反问题ᡶᑜᶛⲺуどᇐᙝ. ᴶ, ᡇԢ㔏࠰

Ⲻᮦٲ㇍ׁኋ⽰Ҽ䈛㇍⌋Ⲻᴿ᭾ᙝૂどᇐᙝ.
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4 ж㔪分ᮦ䱬ᢟᮙ方程随机反源问题

4.1 ᕋ䀶

൞䗽ৱⲺӂпॷᒪ䰪,䏀ᶛ䏀ཐⲺ研究㘻ᔶခ⭞ᑜᴿ分ᮦ䱬ሲᮦⲺ微分方程,

分ᮦ䱬微分方程 (FDEs) ᶛᴪᖘ䊗൦ᨅ䘦ⵕᇔⲺ⢟⨼⧦䊗. ж㡢ᶛ䈪, 䘏ж类方程ਥ

ԛ⭞ᶛࡱ⭱ᶷᓜᵸⲺ㫺≪ቸѣⲺᵠ⸛ᢟᮙ䗽程 [47], ൦сⲺ⧥ູ问题 [48], ᶺ䙖གྷ

ᵸⲺ㋎ᕯᙝᶆᯏѣⲺᶴᕑ⧦䊗 [49], ԛᑜᴿ䇦ᗼⲺ䶔傢ቊ〇ཡᢟᮙ䗽程 [50] ㅿㅿ.

൞ׁྸр䘦䈮ཐ〇ᆜૂᐛѐрⲺ䠃㾷ᓊ⭞Ⲻ◶ࣧс, ީӄ䘏类微分方程Ⲻ反问

题ҕ൞䗽ৱॷࠖᒪѣᗍࡦҼॷ䏩Ⲻਇኋ, ᡆѰҼжѠ⍱䏹Ⲻ研究亼ต [51–53]. ሯӄ

↙问题ᶛ䈪, ᰟ൞ 1980 ᒪԙ, Wyss ㅿӰ [54,55] ቧᔶခ研究分ᮦ䱬ᢟᮙ方程Ⲻḥ㾵

问题ૂؗਭ问题 (Signaling problems) Ⲻ䀙᷆䀙, ެ䀙㺞⽰Ѱ Fox-H .ᮦⲺᖘᕅ࠳ 㙂

ᴶ䘇, 研究㘻ԢᔶခቚѰީ⌞ᰬ䰪рᑜᴿ分ᮦ䱬ሲᮦⲺᢟᮙ方程Ⲻ反问题, ᒬъ൞

㓵ᙝⲺ߫с, 分ࡡ൞ެᮦᆜ⨼䇰分᷆ૂᮦٲ䇗㇍р䜳ᗍࡦҼ䇮ཐᡆ᷒. ж㡢ᶛ䈪,

䘏类㓵ᙝⲺᰬ䰪分ᮦ䱬ᢟᮙ方程Ⲻ反问题ᖶᖶᱥ䙐䗽ӻד䎌ᰬ䰪ᡌᱥӻד䎌グ䰪Ⲻ

ᮦᦤᶛ⺤ᇐᰬ䰪рᡌグ䰪рⲺ源࠳ᮦ [56–59], 䲚↚ҁཌ, ҕᴿ研究㘻ቓ䈋⭞䗯⮂

рⲺ⎁䠅ᮦᦤᶛ反╊源࠳ᮦ [60,61]. ❬㙂, ታ㇗ᴿᖾཐ研究㘻൞分ᮦ䱬微分方程Ⲻ反

问题р䘑㺂Ҽཝ䠅Ⲻ研究, ӰԢሯ䘏类方程Ⲻ随机反问题Ⲻᐛ֒পדᰝᖾቇ. ⴤࢃ,

ᴿжӑ研究㘻ሯс䶘Ⲻ问题࠰ڐҼᡆ᷒:
∂α
t u(x, t)−∆u(x, t) = f(x)h(t) + g(x)ḂH(t), (x, t) ∈ D × (0, T ),

u(x, t) = 0, (x, t) ∈ ∂D × [0, T ],

u(x, 0) = 0, x ∈ D

ެѣ ∂α
t ᱥ Caputo ሲᮦ, ৸ᮦ α ∈ (0, 1).BH Ⲻᱥ分ᮦᐹᵍ䘆ࣞ, ެѣ䎡ᯥ⢯৸

ᮦ H ∈ (0, 1), ъ ḂH Ⲻᱥ BH ᰬ䰪ตрⲺⲺᖘᕅሲᮦ.D ᱥжѠᴿᶄᲤᑂޯ䘔㔣

䗯⮂ ∂D Ⲻᴿ⮂॰ต. f, g ᱥ两Ѡ⺤ᇐⲺ࠳ᮦ, ъ൞ D р㍝᭥. 䘏ж方程Ⲻ↙问题

ᱥ: ൞㔏ᇐ f ૂ g ᰬ, ⺤ᇐ u Ⲻٲ. 㙂反问题ࡏѰ: 㔏ᇐ u Ⲻжӑᮦٲ, ⺤ᇐᵠ⸛Ⲻ

f ૂ g. ሯӄ䘏〃ᰬ䰪ީⲺ随机ಠ༦ᢦࣞⲺ随机源, 研究㘻Ԣж㡢⭞ Mittag-

Leffler ,问题Ⲻᕧ䀙ࡦᮦᶛᗍ࠳ ᒬъԄѣᗍࡦ⭞ӄ䘔ᵠ⸛䠅ૂ⎁䠅ٲⲺ䠃ᶺީ㌱

ᕅ. ൞ [62] ѣ, 㤛൞৸ᮦ┗䏩 α ∈ (1
2
, 1) ૂ H = 1

2
, ⲳಠ丩Ⲻ߫с,f ૂ |g| 㻡䇷

᱄ਥԛ分ࡡ㻡㓾ٲᮦᦤ u(x, T ) Ⲻൽૂٲঅ方ᐤж⺤ᇐ. ਜཌ, 䘏ㇽᮽㄖⲺ֒㘻ੂ

ṭҕ࠰Ҽ䘏ж反问题ᒬуどᇐ, ᮦᦤѣᖾቅⲺᢦࣞ䜳ਥ㜳ሲ㠪䠃ᶺ㔉᷒Ⲻᐞཝ䈥

ᐤ. [29] ѣ分᷆Ҽ䘏ж问题Ⲻж㡢ᖘᕅ, ৸ᮦ┗䏩 α ∈ (0, 1) ૂ H ∈ (0, 1). 䘏ㇽᮽ
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ㄖੂṭԄ㓾ٲᮦᦤ u(x, T ) ѣ䠃ᶺҼ f ૂ |g|, ҕ䇷᱄Ҽ䘏ж问题䀙Ⲻжᙝૂуど
ᇐᙝ. [63] ҕ分᷆Ҽ类ղⲺ随机分ᮦ䱬ᢟᮙ方程. ൞ҁࢃⲺཝ䜞分研究ѣ, 研究㘻Ԣ

グ䰪ީಠ༦Ⲻᒨᢦ,ެಠ༦ࡦᇐ随机ಠ༦ᶛ㠠ӄᰬ䰪ต,䘏ᱥഖѰྸ᷒随机源ٽ

Ⲻ↙ࡏᙝਥ㜳ᰖ⌋ᗍࡦ, Ԅ㙂ᰖ⌋ؓ䇷䀙Ⲻ䘸ᇐᙝᆎ൞, ሲ㠪⭞ Mittag-Leffler

.⭞䘸߃Ⲻᕧ䀙ᖘᕅሼуࡦᮦᗍ࠳ ഖ㙂൞䶘ሯ䘏ṭⲺ随机源㔉ᶺᰬ, ᡇԢ䴶㾷⭞

᯦Ⲻ方⌋ᶛ䠃ᶺ䘏类随机源.

൞ᵢㄖѣ, ᡇԢሼ䇞䇰ԛсᰬ䰪分ᮦ䱬ж㔪ᢟᮙ随机方程:
∂α
t u(x, t)− ∂xxu(x, t) = F (t)Ẇx, (x, t) ∈ (0, 1)× R+,

u(x, 0) = 0, x ∈ [0, 1],

∂xu(0, t) = 0, u(1, t) = 0, t ∈ R+,

(4.1)

ެѣ F ᱥ┗䏩 F (0) = 0 Ⲻ⺤ᇐ࠳ᮦ, ᨅ䘦Ⲻ随机源Ⲻᢟᮙ㌱ᮦ. 㙂 Caputo 分ᮦ䱬

ሲᮦ ∂α
t u ⭧ԛс㺞䗴ᕅᇐѿ:

∂α
t u(x, t) =

1

Γ(1− α)

∫ t

0

∂su(x, s)(t− s)−αds

ެѣ α ∈ (0, 1),Γ(α) =
∫∞
0

e−ssα−1ds ᱥճ傢࠳ᮦ.Wx ԙ㺞グ䰪рⲺᐹᵍ䘆ࣞ, ┗䏩

E[WxWy] = x ∧ y, ∀x, y ∈ (0, 1), ᒬъ Ẇx ᱥжѠ分ᐹ, ԙ㺞 Wx Ⲻᖘᕅሲᮦ, ж㡢ҕ

㻡〦Ѱⲳಠ丩.

уੂӄ分᷆研究р䘦随机ᢟᮙ方程Ⲻࡓ䗯ٲ问题(4.1), ᡇԢ㘹㲇ሼެㅿԭ

䖢ᦘѰжѠ仇ตрⲺ随机两⛯䗯ٲ问题, ᒬъะӄ᧞ሲ࠰ⲺṲ᷍࠳ᮦ研究㘻䀙Ⲻ

䘸ᇐᙝૂ↙ࡏᙝ. 随䙐䗽䇷᱄(4.1)Ⲻ䀙ਥԛ⭞仇ตр问题Ⲻ䀙Ⲻ䘼ڻ䠂ਬᦘ

ㅿԭᗍࡦ,ᗍࡦ问题(4.1)Ⲻ䘸ᇐᙝ.ሯӄ反问题ᶛ䈪,ᡇԢਥԛ䇷᱄ᢟᮙ㌱ᮦ F Ⲻڻ

䠂ਬ⁗ |F̂ |㜳ཕ䙐䗽仇ตрⲺㅿԭ方程Ⲻ䀙Ⲻ方ᐤж⺤ᇐ.ռᱥᖾᱴ❬,ഖѰᡇԢ

ᗍࡦⲺᱥ |F̂ | 㙂јཧҼ F ,䠂ਬᦘⲺփڻ ᡇԢᰖ⌋Ԅ |F̂ | ѣж⺤ᇐ F . ྸ

᷒ᡇԢਥԛ䙐䗽жӑ方⌋㧭ᗍ F ,ᦘⲺփڐ 䛙Ѿ䠃ᶺ F ቧᗍॷ分ᇯ᱉Ҽ.

䘏类䙐䗽ڻ䠂ਬᦘⲺ⁗ᶛ䠃ᶺؗਭᵢ䓡Ⲻ问题㻡〦֒ćփ䘎 [64]Ĉ, ൞㺃ሺ

ᡆ܅, ,⭞ᆜѣ䜳ᴿᖾ䠃㾷Ⲻᓊ࣑ᆜૂ䠅ᆆݿ ᒬъ䙐ᑮᱥу䘸ᇐъ䳴ԛ㻡䀙ߩⲺ. 研

究㘻ԢѰ䀙ߩ䘏ж问题ᨆ࠰Ҽ䇮ཐ方⌋ [65], 䘏ӑ方⌋ཝ㠪ਥԛ㻡分Ѱ两ཝ类: ሯ F

ᨆ࠰жӑݾ僂ٽ䇴, ᡌᱥሯ |F̂ | 䘑㺂仓ཌⲺ⎁䠅. ൞ᵢㄖѣ, ᡇԢ㔉ਾ㠠䓡Ӂᇔ, 䟽

⭞㘻䘏类方⌋, ᒬъ䙐䗽随机䚤㖟сⲺփᨆॽ (PhaseLift) 䘏ж方⌋ᶛ㧭ᗍᴿީ

|F̂ | Ⲻᴪཐ⎁䠅ٲ, Ԅ㙂㜳ཕж⺤ᇐ随机源ᢟᮙ㌱ᮦⲺ⁗,  |F |.

53



浙江大学博士学位论文 一维分数阶扩散方程随机反源问题

4.2 分ᮦ䱬ሲᮦެڻ䠂ਬᦘ

൞ᵢ㢸ѣ, ᡇԢሼݾ䇞䇰ީӄ Caputo 分ᮦ䱬ሲᮦⲺڻ䠂ਬᦘᖘᕅ, ᆹᱥሼ

ᰬ䰪分ᮦ䱬随机微分方程Ⲻࡓ䗯ٲ问题(4.1)ㅿԭ䖢ᦘѰ仇ตѣⲺ两⛯䗯ٲ问题Ⲻะ

.

引理 4.1：Ԛ v ᱥжѠঋ䗯࠳ᮦ, ᖉ t ≤ 0 ᰬᴿ v(t) = 0, ᒬъ v Ⲻ࠼ᮦ䱬ሲᮦ

∂α
t v ൞ L2(R) сᱥ䘸ᇐⲺ. 䛙Ѿ v Ⲻ࠼ᮦ䱬ሲᮦⲺڻ䠂ਬᦘ┗䏩:

F [∂α
t v](ω) = (iω)αv̂(ω) ∀α ∈ (0, 1],

ެѣ

v̂(ω) = F [v](ω) :=
∫
R
e−iωtv(t)dt

㺞⽰ v Ⲻڻ䠂ਬᦘ.

证明：ᖉ v ∈ H1(R) ᰬ, ሯӄ α = 1 Ⲻ߫, р䘦㔉᷒ᱴ❬ᱥᡆⲺ. сᶛᡇԢ䇷

᱄ α ∈ (0, 1) Ⲻ߫. ᇐѿжѠঋ䗯࠳ᮦ kα
+(t), α ∈ (0, 1):

kα
+(t) :=

{
1

Γ(1−α)
t−α, t > 0,

0, t ≤ 0,

ഖ↚

∂α
t v(t) =

1

Γ(1− α)

∫ t

0

∂sv(s)(t− s)−αds = (∂tv ∗ kα
+)(t).

Ԅ㙂ᡇԢᴿ:

F [∂α
t v](ω) = F [∂tv](ω)F [kα

+](ω) = (iω)v̂(ω)F [kα
+](ω),

сᶛᡇԢ䇷᱄ kα
+ Ⲻڻ䠂ਬᦘᴿԛсᖘᕅ (cf.[66] Sec. 2.9.2):

F [kα
+](ω) =

∫ ∞

0

e−iωtt−α

Γ(1− α)
dt = (iω)α−1. (4.2)

ྸഴ 4.1ᡶ⽰, Ԛ UR ⊂ C ᱥжѠঋ䘔䙐Ⲻᔶ䳼,γR ᱥެሷ䰣ᴨ㓵, ᱴ❬ਥԛ⌞ᝅࡦ

᱖ሺ:

z 7→ e−iωzz−α, z ∈ C

ᇐѿҼжѠ UR рⲺޞ㓥࠳ᮦ. ,⨽ᇐ࠼ḥ㾵〥⭞ ᡇԢᴿ:∫
γR

e−iωzz−αdz =

[∫ R

1/R

+

∫
IR

+

∫ i/R

iR
+

∫
I1/R

]
e−iωzz−αdz = 0, (4.3)
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ެѣ IR := {z ∈ C : |z| = R} ᱥ↙ੇⲺঀᖺѰ R Ⲻ࠼ҁж഼䜞࠼ (ഴ 4.1ѣⲺ㲐

㓵ᴨ㓵), I1/R := {z ∈ C : |z| = 1/R} ᱥਃੇⲺঀᖺѰ 1/R Ⲻ࠼ҁж഼䜞࠼ (ഴ

4.1ѣⲺᇔ㓵䜞࠼).

0 1/R R

0

iR

i/R

ഴ 4.1 γR Ⲻ॰ต㺞⽰

ᱴ❬, ᡇԢᴿ

lim
R→∞

[∫
IR

+

∫
I1/R

]
e−iωzz−αdz = 0.

ሯ(4.3) R→ +∞ Ⲻᶷ䲆, ∫:ᴿࡏ +∞

0

e−iωzz−αdz +

∫ 0

+i∞
e−iωzz−αdz = 0.

Ԛ iωz = s, 䙐䗽䇗㇍ᡇԢᴿ:∫ +∞

0

e−iωzz−αdz =

∫ +i∞

0

e−iωzz−αdz

= (iω)α−1

∫ ∞

0

e−ss−αds = (iω)α−1Γ(1− α),

Ԅ㙂߃⭞ᕅ(4.2)ᗍ䇷ᕋ⨼㔉䇰.

注 4.1：⌞ᝅࡦᖉ α ᱥ࠼ᮦᰬ,(iω)α ᱥжѠཐ࠳ٲᮦ, ൞ᵢㄖѣ, ᡇԢᇐѿ:

(iω)α :=

{
|ω|α exp

( iπα
2
sgn(ω)

)
, ω ̸= 0,

0, ω = 0,

ެѣ sgn(·) ᱥㅜਭ࠳ᮦ.
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4.3 ↙问题Ⲻ䘸ᇐᙝ分᷆

൞ᵢ㢸ѣ, ᡇԢሼ䙐䗽研究问题(4.1)ㅿԭᦘⲺ仇ต问题, 分᷆ᆹⲺ䘸ᇐᙝ

ૂެᕧ䀙Ⲻ↙ࡏᙝ.

4.3.1 仇ตс↙问题分᷆

ഖѰ࠳ᮦ F ┗䏩 F (0) = 0,ᡶԛᡇԢਥԛሯ F 䴬ᔬᤉࡦ䍕䖪 (−∞, 0)р,ሼᔬ

ᤉⲺ࠳ᮦᇐѿѰ F̃ , ᒬъԚ F̃ Ⲻڻ䠂ਬᦘѰ F̂ . Ԅ㙂ᡇԢਥԛሼ问题(4.1)䖢

ᦘѰԛс随机微分方程Ⲻ两⛯䗯ٲ问题:∂xxU(x, ω)− (iω)αU(x, ω) = −F̂ (ω)Ẇx, x ∈ D, ω ∈ R,

∂xU(0, ω) = 0, U(1, ω) = 0, ω ∈ R.
(4.4)

сᶛᡇԢ᧞ሲ࠰问题(4.4)ⲺṲ᷍࠳ᮦᒬъ㔏ެ࠰䘸ᇐᙝⲺ分᷆.

4.3.1.1 仇ตсṲ᷍࠳ᮦ᧞ሲ

Ԛ s := (iω)α, ъ gω(x, y) ᱥ(4.4)ⲺṲ᷍࠳ᮦ, ᡇԢሯ两〃уੂⲺ߫分ࡡ᧞ሲ

ެᓊⲺṲ᷍࠳ᮦ.

㤛 ω ̸= 0, ࡏ gω ┗䏩:∂xxgω(x, y)− sgω(x, y) = δ(x− y), x, y ∈ D,

∂xgω(0, y) = 0, gω(1, y) = 0, y ∈ D,

ެѣ δ ᱥ⣺࠳ށᮦ.䙐䗽≸䀙р䘦ᑮ㌱ᮦӂ䱬ᑮ微分方程,ᡇԢ⸛䚉 gω(x, y)┗䏩

ԛсᖘᕅ:

gω(x, y) =

A1(y)e
−
√
sx +B1(y)e

√
sx, x < y,

A2(y)e
−
√
sx +B2(y)e

√
sx, x > y,

ެѣ Ai ૂ Bi,i = 1, 2, ᱥᖻᇐ㌱ᮦ方程. :䗯⮂ᶗԬ⭞

∂xgω(0, y) = 0, gω(1, y) = 0,

ԛṲ᷍࠳ᮦ䴶㾷┗䏩Ⲻ䘔㔣ᙝૂ䐩䏹ᙝ:

lim
x→y+

gω(x, y)− lim
x→y−

gω(x, y) = 0,

lim
x→y+

∂xgω(x, y)− lim
x→y−

∂xgω(x, y) = 1.

随ะӄ⌞䇦 4.1, ᡇԢਥԛᗍࡦ

gω(x, y) =
e
√
s(x+y) + e

√
s|x−y| − e

√
s(2−x−y) − e

√
s(2−|x−y|)

2
√
s(1 + e2

√
s)

, x, y ∈ D, (4.5)
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ެѣ

√
s = (iω)

α
2 = |ω|

α
2 exp

(
iπα
4

sgn(ω)

)
, ℜ[

√
s] = |ω|

α
2 cos

(πα
4

)
> 0.

䘏䠂 ℜ[·] ૂ ℑ[·] 分ࡡ㺞⽰жѠགྷᮦⲺᇔ䜞ૂ㲐䜞.

㤛 ω = 0, ࡏ gω(x, y) 䘶ौѰ∂xxg0(x, y) = δ(x− y), x, y ∈ D,

∂xg0(0, y) = 0, g0(1, y) = 0, y ∈ D,

ੂṭ, ᡇԢਥԛ≸䀙р䘦两⛯䗯ٲ问题ᗍࡦ:

g0(x, y) = max{x, y} − 1, x, y ∈ D. (4.6)

引理 4.2：⭧ᕅ(4.5)ૂᕅ(4.6), Ṳ᷍࠳ᮦ gω ┗䏩ԛсզ䇗:∥g0∥2L2(D×D) =
1
6

if ω = 0,

∥gω∥2L2(D×D) ≤ C|ω|−α if ω ̸= 0,

ެѣ C > 0 ᱥжѠф ω уީⲺᑮᮦ.

证明 ：㤛 ω = 0, ᡇԢਥԛ〥࠼䇗㇍ᗍࡦ:

∥g0∥2L2(D×D) =

∫ 1

0

[∫ x

0

(x− 1)2dy +

∫ 1

x

(y − 1)2dy

]
dx

=

∫ 1

0

[
x(1− x)2 +

(1− x)3

3

]
dx =

1

6
.

㤛 ω ̸= 0, ᡇԢᴿ:

∥gω∥2L2(D×D) =

∫
D

∫
D

|gω(x, y)|2dxdy

=
1

|2
√
s(1 + e2

√
s)|2

∫ 1

0

∫ 1

0

∣∣∣e√s(x+y) + e
√
s|x−y| − e

√
s(2−x−y) − e

√
s(2−|x−y|)

∣∣∣2 dxdy
≤ 1

|
√
s(1 + e2

√
s)|2

∫ 1

0

∫ 1

0

(
e2ℜ[

√
s](x+y) + e2ℜ[

√
s]|x−y| + e2ℜ[

√
s](2−x−y) (4.7)

+ e2ℜ[
√
s](2−|x−y|)

)
dxdy

=
1

|
√
s(1 + e2

√
s)|2

e4ℜ[
√
s] − 1

ℜ[
√
s]

= |ω|−α 1

|ω|α2 cos(πα
4
)

e4|ω|
α
2 cos(πα

4
) − 1[

e4|ω|
α
2 cos(πα

4
) + 1 + 2e2|ω|

α
2 cos(πα

4
) cos(2|ω|α2 sin(πα

4
))
]

=: |ω|−αh
(
|ω|

α
2 cos

(πα
4

))
, (4.8)
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ެѣ h ┗䏩:

h(k) =
e4k − 1

k
[
e4k + 1 + 2e2k cos

(
2k tan(πα

4
)
)] .

ᱴ❬,ሯӄᡶᴿⲺ k > 0,h䜳ᱥ䶔䍕Ⲻ.сᶛᡇԢ䈪᱄ሯӄԱᝅⲺ k > ᮦ࠳,0 h(k)

䜳ᱥж㠪ᴿ⮂Ⲻ.

жᯯ䶘, ഖѰ

lim
k→∞

h(k) = lim
k→∞

1− e−4k

k
[
1 + e−4k + 2e−2k cos

(
2k tan(πα

4
)
)] = 0,

ഖ㙂ᆎ൞жѠᑮᮦ C0, ᖉ k > C0 ᰬ, ᴿ h(k) < 1, Ԅ㙂ᡇԢਥԛᗍࡦ h ൞ (C0,∞)

рᱥж㠪ᴿ⮂Ⲻ. 㙂ਜжᯯ䶘, ⌞ᝅࡦ

lim
k→0+

h(k) = 1,

Ԅ㙂ᡇԢҕਥԛ䙐䗽ެݿ┇ᙝᗍ࠰ h ൞ (0, C0] рҕᱥж㠪ᴿ⮂Ⲻ. ഖ↚ᡇԢᴿሯӄ

Աᝅ k > 0, ᮦ࠳ h(k) 䜳ᱥж㠪ᴿ⮂Ⲻ. ,䘏Ѡզ䇗⭞ Ԅᕅ(4.7)ѣᡇԢਥԛᗍࡦᆎ

൞жѠ⤢ӄ ω Ⲻᑮᮦ C > 0, ֵᗍ:

∥gω∥2L2(D×D) ≤ h
(
|ω|

α
2 cos

(πα
4

))
|ω|−α ≤ C|ω|−α,

Ԅ㙂ᗍ䇷ᕋ⨼㔉䇰.

4.3.1.2 仇ตс↙问题䘸ᇐᙝ

ะӄ᧞ሲ࠰ⲺṲ᷍࠳ᮦ gω,ᡇԢсᶛ䇷᱄随机微分方程Ⲻ两⛯䗯ٲ问题(4.4)ᆎ

൞жᕧ䀙.ᡇԢሼ㔏࠰ᕧ䀙Ⲻ㺞䗴ᖘᕅ,䘏ሼ൞сᶛሯᰬตр问题Ⲻ分᷆䎭ࡦ䠃

㾷Ⲻ֒⭞.

定理 4.1：㤛 F ∈ H1(R+), 䛙Ѿ䳅ᵰᗤᯯ࠼ぁ (4.4)ᆎ൞жᕧ䀙:

U(x, ω) = −F̂ (ω)

∫
D

gω(x, y)dWy. (4.9)

ੂᰬ, 䀙 U ┗䏩ԛсզ䇗:

E∥iωU∥2L2(R;L2(D)) ≤ C∥F∥2H1(R+), (4.10)

ެѣ C > 0, ᱥжѠᑮᮦ.

证明 ：ᕧ䀙(4.9)Ⲻᆎ൞ᙝૂжᙝਥԛ㊱ղӄржㄖ 3.3ѣⲺ䇷᱄, ൞↚ᡇԢуڐ

䗽ཐਏ䘦, ᡇԢ൞䘏䠂ਠ㔏࠰ሯӄզ䇗(4.10)Ⲻ䇷᱄.
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ṯᦤ Itô ㅿ䐓ޢᕅૂᕋ⨼ 4.2, ᡇԢᴿ:

E∥iωU∥2L2(R;L2(D)) =

∫
R

∫
D

|iωF̂ (ω)|2E
∣∣∣∣∫

D

gω(x, y)dWy

∣∣∣∣2 dxdω
=

∫
R
|iωF̂ (ω)|2∥gω∥2L2(D×D)dω

≲
∫
R
|ω|−α|iωF̂ (ω)|2dω

≤
∫
{ω:|ω|≤1}

|F̂ (ω)|2dω +

∫
{ω:|ω|>1}

|iωF̂ (ω)|2dω

㙂⭧ᑋ㾵⬜ቊᚈㅿᕅ, ᡇԢ⸛䚉, ,Ⲻ⁗уࢃ䠂ਬᦘڻᮦ࠳ Ԅ㙂ᴿ:

E∥iωU∥2L2(R;L2(D)) ≲
∫
{ω:|ω|≤1}

|F̂ (ω)|2dω +

∫
{ω:|ω|>1}

|iωF̂ (ω)|2dω

≤ ∥F̂∥2L2(R) + ∥iωF̂∥2L2(R) = ∥F∥H1(R+),

ެѣфржㄖੂ,a ≲ bԙ㺞 a ≤ Cb,C ᱥжѠ大ӄ䴬Ⲻᑮᮦ,ެ㺞䗴ᕅу䴶㾷ޭ։

㺞⽰, ռ൞ᮽѣ䴶㾷᱄⺤ީ㌱.

Ԅ㙂ᡇԢᗍ䇷զ䇗(4.10).

4.3.2 ᰬตс↙问题分᷆

ะӄሯ仇ตѣㅿԭ问题(4.4)Ⲻ分᷆ૂզ䇗Ⲻ㔉᷒, ᡇԢ⧦൞ਥԛ分᷆䇷᱄ᰬ䰪

ตрⲺ问题(4.1)Ⲻ䘸ᇐᙝҼ.

定理 4.2：㤛 F ∈ H1(R+),䛙Ѿ䳅ᵰᗤᯯ࠼ぁⲺࡓ䗯ٲ䰤从(4.1)ᆎ൞ж䀙 u┗䏩

ԛсզ䇗:

E∥∂tu∥2L2(R;L2(D)) ≤ C∥F∥2H1(R+) ∀ t ∈ R+,

ެѣ C > 0 ᱥжѠᑮᮦ.

证明 ：Ԛ

ũ(x, t) = F−1[U(x, ·)](t), x ∈ D, t ∈ R,

ެѣ F−1 㺞⽰䘼ڻ䠂ਬᦘ, ъ U ᱥ䰤从(4.4)Ⲻᕧ䀙. ᡇԢᇐѿ:

u(x, t) = ũ(x, t)|t≥0. (4.11)

ѰҼ䈪᱄䰤从(4.1)Ⲻ䀙Ⲻᆎ൞ᙝ, ᡇԢ䇷᱄р䘦(4.11)ᇐѿⲺ u Ѱ(4.1)Ⲻ䀙.
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⌞ᝅࡦ

ũ(x, t) = F−1[U(x, ·)](t) = −
∫ t

−∞
F̃ (s)F−1

[∫
D

gω(x, y)dWy

]
(t− s)ds,

↙ྸ 4.3ᔶཪᇐѿⲺ䛙ṭ,F̃ 㺞⽰ F ൞ (−∞, 0) .ᮦ࠳䴬ᔬᤉҁⲺڐ ഖ↚, ᖉ t ≤ 0

ᰬᴿ ũ = 0,  ũ ᱥжѠঋ䗯࠳ᮦ. Ԅ㙂ᡇԢᴿ:

u(x, 0) = ũ(x, 0) = 0. (4.12)

ਜཌ, ⨽ᑋ㾵⬜ቊᚈㅿᕅૂᇐ⭞ 4.1, ᡇԢ⸛䚉 ∂tũ ∈ L2(Ω;L2(R;L2(D)) ┗䏩:

E∥∂tũ∥2L2(R;L2(D)) = E∥iωU∥2L2(R;L2(D)) ≤ C∥F∥2H1(R+), (4.13)

䘏ҕ䇷᱄Ҽ ũ ީӄ t Ⲻ Caputo .ᮦ䱬ሲᮦᱥ䘸ᇐⲺ࠼

ӄީ߃ ω ሯᕅ(4.4)њ䗯ڐ䘼ڻ䠂ਬᦘ, ⭞ ũ ┗䏩 u = ũ|R+ Ⲻީ㌱ᕅ, ԛ

ঋ䗯࠳ᮦ ũ ┗䏩ᕋ⨼ 4.1Ⲻ㾷≸, ᡇԢᴿ:∂xxu(x, t)− ∂α
t u(x, t) = −F (t)Ẇx, x ∈ D, t ∈ R+,

∂xu(0, t) = 0, u(1, t) = 0, t ∈ R+.
(4.14)

ᡇԢሼᕅ(4.14)ૂٲࡓᶗԬ(4.12)㔉ਾ, ᕅ(4.11)ѣᇐѿⲺ࠰ਥԛᗍࡏ u Ѱ┗䏩

զ䇗(4.13)Ⲻ䰤从(4.1)Ⲻ䀙.

㙂䰤从(4.1)Ⲻ䀙ⲺжᙝࡏਥԛԄᰬต䰤从(4.1)ૂ仇ต䰤从(4.4)Ⲻㅿԭᙝ

ѣᗍ࠰, ެ䘸ᇐᙝҕਥԛ⭞ᡇԢ(4.4)᷆࠼ᰬⲺᇐ⨼(4.1)ᗍࡦ.

4.4 反问题分᷆≸䀙㇍⌋

൞ᵢ㢸, ᡇԢሼ䠃⛯䇞䇰(4.1)Ⲻ反问题, ྸ䙐䗽⎁䠅ㄥ⛯༺ж⇫ᰬ䰪Ⲻ⌘

൰ u(0, t) ᶛ䠃ᶺᢟᮙ㌱ᮦ F .

4.4.1 仇ตс随机源⁗䠃ᶺ

俌ݾᡇԢ㘹㲇ྸ䠃ᶺ F ,⁗䠂ਬᦘҁⲺڻ ᒬъ分᷆反╊䘏ж问题Ⲻж

ᙝૂᆎ൞Ⲻу⺤ᇐᙝ.

4.4.1.1 жᙝ分᷆

䙐䗽ᕅ(4.9)Ⲻᖘᕅ, ᡇԢ⸛䚉䀙 U(x, ω) ൞ x = 0 ༺Ⲻൽૂٲ方ᐤ┗䏩:

E[U(0, ω)] = 0,

ԛ

V[U(0, ω)] = E[|U(0, ω)|2] = |F̂ (ω)|2
∫
D

|gω(0, y)|2dy, (4.15)
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䘏䠂䙐䗽ᕅ(4.6)ૂ(4.5)ᡇԢ⸛䚉: 㤛 ω ̸= 0, ᴿ

gω(0, y) =
e
√
sy − e

√
s(2−y)

√
s(1 + e2

√
s)

; y ∈ D (4.16)

㤛 ω = 0, ᴿࡏ

g0(0, y) = y − 1. y ∈ D

引理 4.3：ሯӄԱᝅരᇐⲺ ω ∈ R, ᴿԛсզ䇗:∫
D

|gω(0, y)|2dy > 0.

证明 ：ሯӄ ω = 0, ㆶঋ䙐䗽䇗㇍, ᡇԢᴿ:∫
D

|g(0, y)|2dy =

∫ 1

0

(y − 1)2dy =
1

3
.

㙂ሯӄ ω ̸= 0, ∫:ᴿࡏ
D

|gω(0, y)|2dy =
1

|
√
s(1 + e2

√
s)|2

∫ 1

0

∣∣∣e√sy − e
√
s(2−y)

∣∣∣2 dy
=

1

|
√
s(1 + e2

√
s)|2

∫ 1

0

[
e2ℜ[

√
s]y + e2ℜ[

√
s](2−y) − 2e2ℜ[

√
s] cos

(
2ℑ[
√
s](1− y)

)]
dy

=
1

|
√
s(1 + e2

√
s)|2

(
e4ℜ[

√
s] − 1

2ℜ[
√
s]
− e2ℜ[

√
s] sin (2ℑ[

√
s])

ℑ[
√
s]

)

ഖѰᡇԢ⸛䚉ሯӄԱᝅⲺ x ∈ R 䜳ᴿ sin(x)
x
≤ 1, ᡶԛ:∫

D

|gω(0, y)|2dy ≥
1

|
√
s(1 + e2

√
s)|2

(
e4ℜ[

√
s] − 1

2ℜ[
√
s]
− 2e2ℜ[

√
s]

)
=:

1

|
√
s(1 + e2

√
s)|2

l1
(
2ℜ[
√
s]
)
,

ެѣ l1 ┗䏩:

l1(k) =
e2k − 1

k
− 2ek, k > 0.

⭧↚㔉䇰, ᡇԢਠ䴶䇷᱄ሯӄԱᝅⲺ k > 0, ᴿ l1(k) > 0 ਥ. ⌞ᝅࡦ:

l′1(k) =
(2k − 1)e2k − 2k2ek + 1

k2
=:

l2(k)

k2
,

ެѣ l2(k) = (2k− 1)e2k− 2k2ek +1,ᱴ❬ਥԛਇ⧦ l2(k) > 0.ഖ↚ሯӄԱᝅⲺ k > 0

ᴿ l′1(k) > 0. Ӂᇔр, ᡇԢ⌞ᝅࡦ:

l′2(k) = (4kek − 2k2 − 4k)ek > (4k(1 + k)− 2k2 − 4k)ek > 0 ∀ k > 0,
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Ԅ㙂ᴿ:

l2(k) > lim
k→0+

l2(k) = 0.

ഖ↚ l1 ൞ k > 0 ᰬᱥঋ䈹䙈໔Ⲻ, ┗䏩:

l1(k) > lim
k→0+

l1(k) = lim
k→0+

[
e2k − 1

k
− 2ek

]
= 0,

Ԅ㙂ᡇԢⲺᕋ⨼ᗍ䇷.

定理 4.3：㤛 F ∈ H1(R+), ⁗䠂ਬڻࡏ |F̂ (ω)| ਥԛ㻡䗯⮂ᮦᦤ V[U(0, ω)] ж⺤

ᇐ.

证明 ⨽ᕅ(4.15)ૂᕋ⭞： 4.3, ᡇԢਥԛᗍࡦ:

|F̂ (ω)| =
(

V[U(0, ω)]∫
D
|gω(0, y)|2dy

) 1
2

∀ω ∈ R, (4.17)

Ԅ㙂ؓ䇷Ҽ䠃ᶺⲺжᙝ.

4.4.1.2 どᇐᙝ分᷆

⭧ᇐ⨼ 4.3, ᡇԢ⸛䚉㲳❬反问题ᆎ൞ж䀙, ռᱥ䀙প㕰҅どᇐᙝ, ഖѰᖉ

ω → ∞ ᰬ, 䠃ᶺީ㌱ᕅ(4.17)Ⲻ分∃
∫
D
|gω(0, y)|2dy ሼՐ䏁ӄ䴬. ᡇԢሼ൞с䶘

Ⲻᇐ⨼ѣ㔏ޭ࠰։Ⲻզ䇗.

定理 4.4：ሯӄԱᝅരᇐⲺ ω ̸= 0, Ṳ᷍࠳ᮦ gω(0, y) ┗䏩ԛсզ䇗:∫
D

|gω(0, y)|2dy ≲ |ω|−α.

证明 ：⭧(4.16), ᡇԢᴿ:∫
D

|gω(0, y)|2dy =
1

|
√
s(1 + e2

√
s)|2

∫ 1

0

∣∣∣e√sy − e
√
s(2−y)

∣∣∣2 dy
≤ 2

|
√
s(1 + e2

√
s)|2

∫ 1

0

(∣∣∣e√sy
∣∣∣2 + ∣∣∣e√s(2−y)

∣∣∣2) dy

=
2

|
√
s(1 + e2

√
s)|2

∫ 1

0

(
e2ℜ[

√
s]y + e2ℜ[

√
s](2−y)

)
dy

=
1

|
√
s(1 + e2

√
s)|2

e4ℜ[
√
s] − 1

ℜ[
√
s]

.

,㔅⭧ф(4.7)ੂⲺզ䇗߃ ਥԛᗍࡦ:∫
D

|gω(0, y)|2dy ≤ |ω|−αh
(
|ω|

α
2 cos

(πα
4

))
≲ |ω|−α,

Ԅ㙂ᗍ䇷䈛ᇐ⨼.
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4.4.2 ᰬตс随机源䠃ᶺ (փ䘎)

൞ᵢ㢸ѣ, ᡇԢሼ䇞䇰փ䘎䘏ж问题, ҕቧᱥᡇԢ㾷䪾ሯྸ⭞䠃ᶺᗍ

ᶛⲺ |F̂ | ൞ᮦٲр䠃ᶺ |F |. ,⁗㘻ᱥᰬตс随机ᢟᮙ方程Ⲻᢟᮙ㌱ᮦⲺࢃ 㙂㘻ᱥ

仇ตсᢟᮙ㌱ᮦ F̂ Ⲻ⁗.

ѰҼᴪѰޭ։൦ԁ㔃փ䘎Ⲻᮦٲ方⌋, ᡇԢሼݾᾸᤢ൦ᨅ䘦ᮦٲрփ䘎

䘏ж问题,ᒬъԁ㔃ж〃ԛ໔ࣖ⎁䠅ᮦٲѰะⲺփ䘎方⌋:փᨆॽ (PhaseLift).

䘏ҕሼᱥᵢㄖѣᡇԢ䘿䠃ᶺ |F | Ⲻޭ։方⌋.

4.4.2.1 ⿱ᮙⲺփ䘎问题ԁ㔃

Ԛ x = (x1, ..., xN)
⊤ ∈ CN ᱥж㓺䮵ᓜѰ N Ⲻؗਭ,ᒬъ y = (y1, ..., yN)

⊤ ∈ CN

ᱥ䘏㓺ؗਭⲺ N ⛯⿱ᮙڻ䠂ਬᦘ (DFT). Ԛ f (m) ᱥ䘏Ѡ N ⛯⿱ᮙڻ䠂ਬᦘ

⸟䱫Ⲻㅢ m ,Ⲻާ䖣ࡍ ҕቧᱥ:

f (m) =
(
f
(m)
1 , · · · , f (m)

N

)⊤
:=
(
1, ei

2π(m−1)
N , · · · , ei

2π(m−1)(N−1)
N

)⊤
. (4.18)

䛙Ѿᱴ❬ᡇԢᴿ ym = ⟨f (m),x⟩, ެѣ ⟨·, ·⟩ ᱥགྷ〥, ┗䏩:

⟨x,y⟩ :=
N∑

n=1

xnyn.

䛙Ѿ⿱ᮙⲺփ䘎问题ᴿྸсᨅ䘦:

ᢴࡦ x

ֵᗍ zm := |⟨f (m),x⟩|2, m = 1, · · · , N.
(4.19)

䘏ж问题ᴶݾ⭧ Gerchberg ൞ 1972 ᒪ㻡研究 [67], ᒬъਥԛ㻡ᨅ䘦ᡆс䘦Ⲻᴶቅӂ

Ҏ问题:

min
x

M∑
m=1

(
zm − |⟨f (m),x⟩|2

)2
.

ᰟᵕީӄ䘏类փ䘎ⲺՎौ方⌋ཝ䜳ะӄӚᴵᣋᖧ, 䘏ж㇍⌋㾷≸䗽䟽ṭ, ҕቧ

ᱥ䘿ཐӄ N ѠⲺ M Ѡ⛯䘑㺂⿱ᮙڻ䠂ਬᦘ, ᒬъ䈋ഴ⭞随机ࡓခौૂ䙐䗽

൞ᰬตૂڻ䠂ਬᦘⲺ仇ต两㘻уᯣ൦ᣋᖧ䘣ԙѣ᯳ࣖ两Ѡ॰ตⲺ㓜ᶕᶛᴶቅौ

р䘦䶔Ⲻⴤḽ. ❬㙂, ഖѰ䘏Ѡ䘣ԙᣋᖧᱥ൞䳼ૂ䶔䳼ҁ䰪䘑㺂Ⲻ, ഖ↚䀙䙐

ᑮਠ㜳᭬ᮑࡦቶ䜞ᴶቅٲ, 䘏ሲ㠪ֵᱥ൞⺤ᇐⲺᴿሲੇⲺ䇴ᇐс, 䘏ж㇍⌋Ⲻ

䠃ᶺ㜳ד࣑ᰝॷ分ᴿ䲆.

㙂䘇ᵕⲺ䀙ߩփ䘎问题у䘸ᇐᙝⲺᙓᜩཝ㠪ਥԛ分Ѱ两类:(1) 僂ؗݾ⭞

ᚥᶛ䘑㺂⁗ශՎौ;(2) 䘑㺂ᴪཐⲺީӄ⁗Ⲻ⎁䠅, 㧭ᗍᴪཐⲺᮦᦤ. ٽ㘻ᰞ൞䙐䗽ࢃ
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䇴ؗਭⲺжӑ勒㢩ؗᚥᶛࠅቇᵠ⸛ᮦⲺᮦ䠅, ׁྸሯ᭥᫇䳼Ⲻ㓜ᶕ [68], ሯ↙ᙝૂᇔ

≹Ⲻ㾷ٲ [69], ᡌ㘻ᱥሯؗਭ〶⯅ᙝⲺ㾷≸ [70] ㅿㅿ. 㙂㘻ࡏਥԛ䙐䗽ᴪཐ方ᕅᇂ

ᡆ, ऻᤢֵ⭞䚤㖟 [71], ḻݿ [72], ᯒ➝᱄ٴ [73] ᡌ㘻ᱥ⭞⸣ᰬ䰪⇫, 䛱䜞分䠃ਖ

Ⲻ方⌋, ໔ࣖڻ䠂ਬᦘⲺ⁗Ⲻ⎁䠅ᮦᦤ [74].

4.4.2.2 փᨆॽ (PhaseLift) ㇍⌋ԁ㔃

փᨆॽ䘏ж㇍⌋ะӄঀ↙ᇐ㿺ࡈ方⌋, ᱥ䀙ߩփ䘎问题Ⲻᴿ᭾䙊ᖺ. ᐨ

㔅㺞᱄, փᨆॽ方⌋ਥԛѰ〃ӂ⅗㓜ᶕ问题㔏࠰どڛⲺ䀙. ⭧ӄփ䘎Ⲻ㔉

᷒ӂ⅗㓜ᶕ, ഖ↚ᡇԢਥԛ䟽⭞փᨆॽ方⌋ᶛ༺⨼ᡇԢⲺ反问题.

䘏〃方⌋ѱ㾷分ᡆ两Ѡ䜞分: ཐ䠃㔉ᶺौⲺᣋሺૂ㔪ᓜᨆॽ. ѰҼֵᵢㄖ㠠ᡆ

ж։, ᡇԢㆶ㾷ԁ㔃䈛方⌋Ⲻ䘏两Ѡ䜞分, ᴪѰ䈜㓼Ⲻؗᚥਥԛ൞ [75] ѣᢴࡦ.

俌ݾᡇԢሯཐ䠃㔉ᶺौⲺᣋሺ䘏ж䜞分䘑㺂䱆䘦.㤛ᡇԢ䴶㾷䘎ⲺؗਭѰ x =

(x1, ..., xN)
⊤ ∈ CN , ᒬъٽ䇴䘑㺂ᣋሺҁⲺؗਭѰ {wnxn}n=1,··· ,N , 䘏䠂ᣋሺ方Ṿ

w = (w1, ..., wN)
⊤ ∈ CN ᐨ⸛ъ⭧研究㘻㠠ᐧ䘿. 䘑㺂ᣋሺҁⲺؗਭⲺڻ䠂ਬ

ᦘ⁗ҕᱥਥԛ㧭ᗍⲺ. ൞ᇔ䐫ѣ, ᇔ⧦䘏类ᣋሺⲺ方⌋ᴿ䇮ཐ〃, ׁྸ䚤㖟, ḻݿ

ૂᯒੇ➝᱄. ж㡢ᶛ䈪, ѰҼ䀙Ⲻどᇐᙝ, ᡇԢՎݾ䟽⭞䴶㾷䖹ቇⲺᣋሺ方ṾⲺ㇍⌋

ᶛ䘑㺂փ䘎.

сᶛᡇԢԁ㔃㔪ᓜᨆॽ䘏ж䜞分. ะӄр䶘ᨆࡦⲺᣋሺ方Ṿ w, 䇴ᡇԢᴿٽ

сࡍᖘᕅⲺӂ⅗⎁䠅:

b = (b1, · · · , bN)⊤ := (|⟨a(1),x⟩|2, · · · , |⟨a(N),x⟩|2)⊤,

ެѣ a(m) ਥԛะӄᣋሺ方Ṿ w 䘿, ┗䏩:

a(m) =
(
f
(m)
1 w1, · · · , f (m)

N wN

)⊤
,

ެѣ f (m) =
(
f
(m)
1 , · · · , f (m)

N

)⊤
Ѱᕅ(4.18)ѣᡶᇐѿⲺ⿱ᮙڻ䠂ਬᦘ⸟䱫ѣⲺާ䖣

.ࡍ 䘏ṭжᶛ, փ䘎问题ቧ㻡ㅿԭ䖢ᦘѰҼс䶘䘏〃ਥ㺂ᙝ问题:

ᢴࡦ x

ֵᗍ bm := |⟨a(m),x⟩|2, m = 1, · · · , N.

փᨆॽ䘏ж㇍⌋ⲺṮᗹѰ⭞ᦘ X = xx∗ ሼ䴶㾷≸䀙Ⲻؗਭ x ᎂࡦޛᴪ儎

㔪ᓜⲺグ䰪, ሼؗਭ x ᨆॽѰжѠ〟жⲺ⸟䱫 X. Ԛ A(m) := a(m)(a(m))∗, ᡇԢ

ᴿ:

bm = |⟨a(m),x⟩|2 = x∗a(m)(a(m))∗x = Tr(A(m)xx∗) = Tr(A(m)X), (4.20)
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ެѣ Tr(·) 㺞⽰жѠ⸟䱫Ⲻ䘯. 㤛 X ᱥжѠঀ↙ᇐ⸟䱫, ┗䏩 X ⪰ 0, 䇴ࡏ A ᱥ
жѠ֒⭞൞ެрⲺ㓵ᙝ㇍ᆆ, ሼެ᱖ሺࡦ:

A(X) := (Tr(A(1)X), · · · ,Tr(A(N)X))⊤. (4.21)

ะӄр䘦ḽ䇦, փ䘎问题ҕቧㅿԭӄ:

ᢴࡦ X

ֵᗍ A(X) = z,

X ⪰ 0,

rank(X) = 1,

(4.22)

ެѣ z = (z1, · · · , zN)⊤ ᱥ⭧(4.19)ѣᇐѿⲺ⎁䠅ᮦᦤ. ഖ↚, փ䘎问题ㆶौѰ

ᢴࡦжѠ〟жⲺঀ↙ᇐ⸟䱫 X, ᒬъֵެ┗䏩ж㌱ࡍԵሺ⎁䠅㓜ᶕ. уཧㅿԭᙝ൦,

ᡇԢਥԛሼр䘦ਥ㺂ᙝ问题䖢ौѰжѠᴶቅौ问题, Ѱ:

ᴶቅौ rank(X)

ֵᗍ A(X) = z,

X ⪰ 0.

(4.23)

р䘦两〃问题Ⲻᨆ⌋(4.22)ૂ(4.23)Ⲻㅿԭᙝᱥᱴ❬Ⲻ,ഖѰṯᦤᕅ(4.20),b = A(xx∗),

ъᆎ൞〟жⲺ䀙.䛙Ѿ问题(4.23)≸ᗍⲺ〟ᴶቅौжᇐᱥ┗䏩问题(4.22)〟жⲺ䀙.൞

ᗍࡦ问题(4.23)Ⲻ䀙, ᡇԢ䴶㾷ሼ䘏Ѡ〟ж䀙 X 分䀙Ѱ xx∗, Ԅ㙂ⵕ↙ᗍࡦᡇԢ

䴶㾷Ⲻփ䘎Ⲻ䀙. ഖ↚, ᡇԢⲺ反问题ㅿԭ൦ѰҼ൞жѠঀ↙ᇐ䭛ⲺԵሺ

.⡽рⲺ〟ᴶቅौ问题࠽ ഖ㙂ѰҼжѠք〟⸟䱫㺛ޞᡌ⸟䱫ഔགྷ问题. 䘏ҕᱥ䘇

ᒪᶛ༽ީ⌞Ⲻ㔅ޮՎौ问题ҁж [76,77].

❬㙂, ᡇԢ⸛䚉〟ᴶቅौ问题(4.23)ᱥжѠ NP 䳴问题, ഖ↚, ᡇԢՐሼ䘯㤹ᮦ

ⵁڐѰ〟⌑(4.23)࠳ⲺⲺᴵԙ [78]. Ԅ㙂, ᡇԢᗍࡦҼжѠঀ↙ᇐ㿺ࡈ问题:

ᴶቅौ Tr(X)

ֵᗍ A(X) = z,

XѰ↙ᇐⲺ㊩⢯⸟䱫.

(4.24)

䘏Ѡঀ↙ᇐ㿺ࡈ问题(4.24)ᱥжѠⲺ, ъᆎ൞䇮ཐᮦٲ≸䀙ಞⲺՎौ问题. ެѣ㪍

Ⲻ≸䀙方⌋ҁжᱥ Nesterov ࣖ䙕Ⲻж䱬方⌋ [79]. ᡇԢ൞ᵢ㢸ѣӻ䱆䘦(4.23)ૂ

问题(4.24)ҁ䰪Ⲻީ㌱, ᴪཐޭ։Ⲻ㓼㢸ਥԛ൞ [76,77] ѣᢴࡦ.
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4.4.3 ᮦٲ㇍⌋

൞ᵢㄖѣ,ᡶᴿⲺᮦٲ㇍⌋䜳ะӄሯMATLABрⲺж䱬ঀ↙ᇐ䭛≸䀙ಞ (TFOCS)[80]

Ⲻֵ⭞ૂՎौᇔ⧦Ⲻ.TFOCS ᱥᩣ䖳൞ MATLAB рᮽԬᓉ, ѱ㾷⭞ᶛѰ〃Վ

ौ问题 (ऻᤢᮽѣⲺঀ↙ᇐ㿺ࡈ问题(4.24)) ᶺᔰᴪѰㆶⲺᴶՎж䱬方⌋.

ѰҼㆶঋ䈪᱄ᡇԢՎौ问题(4.24)Ⲻ方⌋,с䶘ᡇԢሼㆶ㾷ԁ㔃ж类ᴶՎж䱬方

⌋Ⲻ㿺ᇐૂᇔ⧦, ԛ䀙ߩԛсж㡢Վौ问题:

minimize ϕ(x) := g(x) + h(x), (4.25)

ެѣ g : RN → R ᱥݿ┇ъⲺ,h : RN → R ҕᱥⲺ.

㘹㲇ж类ะӄᴿᒵѿᣋᖧⲺ䘣ԙᶛ䀙ߩ问题(4.25)Ⲻж䱬方⌋ (cf.[80]):

xk+1 = argmin
x

[
g(xk) + ⟨∇g(xk),x− xk⟩+ h(x) +

1

2tk
∥x− xk∥2

]
, (4.26)

ެѣ ∥ · ∥ ᱥ䘿ᇐⲺ㤹ᮦ,tk ᱥ↛䮵. 㤛 tk ᴿ⮂ъу䘇䴬,g(xk+1) ┗䏩ԛср⮂:

g(xk+1) ≤ g(xk) + ⟨∇g(xk),xk+1 − xk⟩+
1

2tk
∥xk+1 − xk∥2, (4.27)

䛙Ѿ(4.26)ޭᴿޞቶ᭬ᮑᙝ. ެѣ,g(xk+1) ሯр⮂Ⲻ㾷≸ਥԛ䙐䗽ሯ g Ⲻụᓜ┗䏩

ᒵѿⲺᶄᲤᑂޯᶗԬᗍࡦ,  ∇g ሯԱᝅኔӄ ϕ Ⲻ॰ตⲺ x,y ┗䏩

∥∇g(x)−∇g(y)∥∗ ≤ L∥x− y∥ (4.28)

ެѣ ∥ · ∥∗ ᱥ㤹ᮦ ∥ · ∥ Ⲻሯڬ㤹ᮦ, ┗䏩:

∥g∥∗ = sup{⟨h, g⟩ : ∥h∥ ≤ 1}.

䛙Ѿ(4.27)Ⲻᴿ⮂ᙝࡏਥԛ൞ٽ䇴(4.28)сሯԱᝅⲺ tk ≤ L−1 䜳ᗍࡦ┗䏩. Ԅ㙂൞

O(L/ϵ) ⅗䘣ԙсᴿ᭬ᮑ: ∣∣∣ϕ(xk)− inf
x
ϕ(x)

∣∣∣ ≤ ϵ

ะӄᕅ(4.26), р䘦᭬ᮑ䱬ਥԛ䙐䗽䇮ཐᑮ㿷Ⲻ㇍⌋ᡆ, ㇍⌋ᡌᱥ䘇ੇࢃੇྸׁ

ㄥụᓜс䲃⌋ [81].

ᴶՎᡌᱥࣖ䙕Ⲻж䱬方⌋㜳ཕሼ䘣ԙ⅗ᮦⲺ⮂䲆Վौࡦ O(
√

L/ϵ), 䘏ж方⌋ҕ

൞䗽ৱࠖॷᒪ䰪㻡䇮ཐᆜ㘻ᡶ研究 (ׁྸ [82] ѣ). 㙂 TFOCS ะӄ Nesterov ൞ [79]

ѣᨅ䘦Ⲻ方⌋Ⲻ։ᇔ⧦ᒬ᭯䘑ҼҼж㌱ࡍᴶՎж䱬方⌋.ެѣж〃㻡〦Ѱ Auslen-

der ૂ Teboulle 方⌋ (AT 方⌋) Ⲻ㇍⌋ਥԛཝ㠪ᨅ䘦Ѱԛсᖘᕅ:
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Algorithm 2 Auslender ૂ Teboulle 方⌋ [83]

Require: x0 ∈ ϕ

1: x0 ← x0,θ0 ← 1

2: for k = 0, 1, 2, . . . do

3: yk ← (1− θk)xk + θkxk

4: xk+1 ← argminx⟨∇g(yk),x⟩+ 1
2
θkL∥x− xk∥2 + h(x)

5: xk+1 ← (1− θk)xk + θkxk + 1

6: θk+1 ← 2

1+
√

1+4/θ2
k

▷ θk Ѱࣖ䙕৸ᮦ

7: end for

4.5 ᮦٲ㇍ׁ㔉᷒分᷆

൞ᵢ㢸, ᡇԢሼ䇞䇰≸䀙ᵢㄖᨆ࠰Ⲻ随机↙问题ૂ随机反源问题Ⲻᮦٲ≸䀙方

⌋, ᒬъ㔏࠰ᮦٲ㇍ׁ, ⭞ԛ䈪᱄㇍⌋Ⲻᴿ᭾ᙝૂどᇐᙝ.

4.5.1 ↙问题ᮦٲ⿱ᮙ

ྸржㄖ 3.5㢸ੂ, ѰҼ䚵ރ↙问题≸䀙⭞ࡦⲺ源ૂ反问题ᗍࡦⲺ㔉᷒ć↙

ླĈжṭ, ᡇԢ䴶㾷⭞Ֆ㔕Ⲻᮦٲ䇗㇍方⌋ᶛ≸䀙↙问题. ൞䘏䠂, ᡇԢ⭞ᴿ䲆ᐤ

分⌋ᶛ⿱ᮙ䘏ж随机微分方程Ⲻࡓ䗯ٲ问题:
∂α
t u(x, t)− ∂xxu(x, t) = F (t)Ẇx,

u(x, 0) = 0,

∂xu(0, t) = 0, u(1, t) = 0

ެѣ㠠䠅॰ตѰ (0, 1)× (0, T ),T > 0.

ᇐѿᰬ䰪ૂグ䰪Ⲻ⿱ᮙ॰䰪ૂ㢸⛯:

tn = nht, n = 0, 1, ..., Nt, xi = ihx, i = 0, 1, ..., Nx,

ެѣ ht = T/Nt,hx = 1/Nx. Ԛ un
i Ѱ u(xi, tn) Ⲻᮦٲ䘇ղ,(xi, tn) рⲺ分ᮦ䱬ሲᮦ
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∂α
t u ਥԛ൞ᮦٲр䘇ղѰ:

∂α
t u(xi, tn) =

1

Γ(1− α)

∫ tn

0

∂u(xi, s)

∂s

1

(tn − s)α
ds

=
1

Γ(1− α)

n∑
j=1

∫ tj

tj−1

∂u(xi, s)

∂s

1

(tn − s)α
ds

≈ 1

Γ(1− α)

n∑
j=1

uj
i − uj−1

i

ht

∫ tj

tj−1

(tn − s)−αds

=
1

Γ(1− α)

1

hα
t

1

1− α

n∑
j=1

(uj
i − uj−1

i )[(n− j + 1)1−α − (n− j)1−α]

=
1

Γ(2− α)

1

hα
t

[
un
i +

n−1∑
j=1

uj
i

(
(n− j + 1)1−α − 2(n− j)1−α + (n− j − 1)1−α

)
− u0

i

(
n1−α − (n− 1)1−α

) ]
.

㙂⛯ (xi, tn) рⲺӂ䱬ሲᮦ ∂xxu :ѣᗹᐤ分方⌋䘇ղѰ⭞ਥԛࡏ

∂xxu(xi, tn) ≈
un
i+1 − 2un

i + un
i−1

h2
x

.

⛯ x = xi рⲺⲳಠ༦ Ẇx ਥԛ⭧໔䠅 [W (xi+1) −W (xi)]/hx 䘇ղᇐѿ, ެѣ, ᐹᵍ

䘆ࣞ W ┗䏩:
W (xi+1)−W (xi)

hx

d
=

ξi√
hx

,

a
d
= b 㺞⽰随机䠅 a ૂ b ᴿੂṭⲺᾸ⦽分ᐹ, {ξi}Nx−1

i=0 ᱥжᰅ⤢ੂ分ᐹⲺḽ

↙ᘷ分ᐹⲺ随机䠅, 㺞⽰Ѱ ξi ∼ N(0, 1).

,䘇ղٲр䘦ᮦ⭞ ᡇԢᴿԛс⿱ᮙ:

1

Γ(2− α)hα
t

[
un
i +

n−1∑
j=1

uj
i

(
(n− j + 1)1−α − 2(n− j)1−α + (n− j − 1)1−α

)
−u0

i

(
n1−α − (n− 1)1−α

) ]
−

un
i+1 − 2un

i + un
i−1

h2
x

= F (tn)
W (xi+1)−W (xi)

hx

.(4.29)
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Ԛ σ = h2
x

Γ(2−α)hα
t
, р䘦⿱ᮙ(4.29)ਥԛߏᡆ:

− un
i+1 + (σ + 2)un

i − un
i−1

= hxF (tn)[W (xi+1)−W (xi)]− σu0
i

(
n1−α − (n− 1)1−α

)
− σ

n−1∑
j=1

uj
i

(
(n− j + 1)1−α − 2(n− j)1−α + (n− j − 1)1−α

)
= hxF (tn)[W (xi+1)−W (xi)]

− σ
n−1∑
j=1

uj
i

(
(n− j + 1)1−α − 2(n− j)1−α + (n− j − 1)1−α

)
=: Gn

i (4.30)

ެѣ n = 1, · · · , Nt ૂ i = 0, 1, · · · , Nx − 1, ᒬъٲࡓ⭞ᶗԬ:

u0
i = 0 ∀ i = 0, · · · , Nx.

ਜཌ, ⭧(4.1)ѣⲺ䗯⮂ᶗԬ ∂xu(0, t) = 0, ъ

∂xu(0, t) = lim
hx→0

u(hx, t)− u(−hx, t)

2hx

= 0,

ᡇԢᇐѿ:

un
−1 := un

1 ∀n = 0, · · · , Nt.

ഖ↚, ᖉ i = 0 ᰬ, ᕅ(4.30)ࡏᴿ:

−2un
1 + (σ + 2)un

0 = Gn
0 ∀n = 1, · · · , Nt. (4.31)

ѣⲺ䗯⮂ᶗԬ(4.1)⭧⭧߃ u(1, t) = 0, :ᴿࡏ

un
Nx

= 0 ∀ n = 0, · · · , Nt,

ഖ↚ሯӄ i = Nx − 1, ⿱ᮙ方程(4.30)Ѱ:

(σ + 2)un
Nx−1 − un

Nx−2 = Gn
Nx−1 ∀ n = 1, · · · , Nt. (4.32)

㔉ਾ(4.30)ૂ䗯⮂ᶗԬ(4.31)-(4.32), ᡇԢਥԛሼᮦٲ⿱ᮙᖈ㓩Ѱс䘦⸟䱫ᖘᕅ:

σ + 2 −2 0 · · · 0

−1 σ + 2 −1 · · · 0

0 −1 σ + 2 · · · 0
... · · · . . . . . .

...

0 · · · −1 σ + 2 −1
0 · · · 0 −1 σ + 2





un
0

un
1

un
2
...
...

un
Nx−1


=



Gn
0

Gn
1

Gn
2
...
...

Gn
Nx−1


∀n = 1, · · · , Nt.

(4.33)
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4.5.2 փᨆॽ (PhaseLift) ㇍⌋ᓊ⭞

ሯӄ问题(4.1), ᢟᮙ㌱ᮦڻ䠂ਬᦘⲺ⁗ |F̂ | ਥԛ䙐䗽ሼ u(0, t) 䠂ਬᦘڻ

Ⲻ方ᐤ V[U(0, ω)], .ࡦ㌱ᕅ(4.15)䘑㺂䠃ᶺᗍީ⭞ 㙂ѰҼᮦٲр䀙ߩփ䘎

问题㙂ᗍࡦᡇԢᜩ㾷Ⲻ |F |,൞⿱ᮙⲺ㢸⛯рж䘎源࠳ᮦ f := (F (t1), · · · , F (tNt))
⊤,

ᡇԢ䴶㾷㧭ᗍᴪཐⲺ⎁䠅ᮦᦤ, ᒬ⭞ 4.4.2㢸ѣԁ㔃Ⲻᑜᴿ䚤㖟Ⲻփᨆॽࣔ⌋.

Ԛ M1 ૂ M2 ᱥ两Ѡ䚤㖟, ެѣ M1 ᱥ Nt × Nt ᚈㅿ⸟䱫,M2 ᱥ随机ӂݹ⸟

䱫, Ѱ Nt ×Nt Ⲻሯ䀈䱫, ެሯ䀈ݹ随机䘿 0 ᡌᱥ 1.

,р䘦两Ѡ䚤㖟⭞ ሼެ֒Ѱཐ㔉ᶺᣋሺ方Ṿ Mif , ᡇԢࡏਥԛᗍࡦᙱާѰ

2Nt Ѡ⎁䠅ᮦᦤ A(ff ∗), ެѣ㇍ᆆ A ྸᕅ(4.21)ѣᡶᇐѿ, ъ N = 2Nt. ф㇍ᆆ

A ީⲺੇ䠅 {a(m)}2Nt
m=1 ┗䏩:

a(m) =

M1f
(m), m = 1, · · · , Nt,

M2f
(m−Nt), m = Nt + 1, · · · , 2Nt,

ъ f (m) Ⲻ㺞䗴ᕅ⭧(4.18)㔏࠰.

ѰҼ䘎源࠳ᮦ f ,ᡇԢ䴶㾷≸䀙ะӄⴤḽ⌑࠳㔏࠰ⲺՎौ问题,↙ྸ 4.4.3㢸

ѣᡶ䘦:

ϕ(f) = g(f) + h(f) =
1

2
∥b−A(ff ∗)∥22 + λTr(ff ∗) + h(f),

ެѣ ∥ · ∥2 ᱥ⅝ࠖ䠂ᗍ㤹ᮦ,λ > 0 ᱥ↙ࡏौ৸ᮦ, ԛ h Ѱ⽰࠳ᮦ, ┗䏩:

h(f) =

0 㤛ff ∗ᱥ㊩⢯↙ᇐⲺ,

∞ ެԌ߫.

ެѣ, b ᱥڻ䠂ਬӂ⅗⁗, ᱥ䙐䗽ᑜᴿ䚤㖟Ⲻ源 [(M1f)
⊤, (M2f)

⊤]⊤ ᗍࡦⲺ x = 0

༺Ⲻ {un
0}2Nt

n=1 Ⲻᮦᦤ. ޭ։ᶛ䇨,b = (b1, · · · , b2Nt)
⊤ ┗䏩ԛс㺞䗴ᕅ:

bn =
V[Un

0 ]∫ 1

0
|gωn(0, y)|2dy

, n = 1, · · · , 2Nt,

ެѣ (U1
0 , · · · , U2Nt

0 )⊤ᱥ (u1
0, · · · , u2Nt

0 )⊤Ⲻ 2Nt⛯⿱ᮙڻ䠂ਬᦘ,ъ ωn = 2πnht/Nt.

ᡇԢሼ⭞ Auslender ૂ Teboulle 方⌋, ㇍⌋(2)ᶛ≸䀙р䘦问题. ъᖉᡇԢ

Ⲻ䠃ᶺ㔉᷒ f̃ Ⲻሯ䈥ᐤቅӄരᇐᇯᐤᰬ䘣ԙ㓾ٲ, ||A(f̃ f̃ ∗)−b||2 ≤ 10−6||b||2.
⌞ᝅࡦ䀙 f̃ = (f̃1, · · · , f̃Nt)

⊤ ਠ൞⁗ቸ䶘рᆎ൞жᙝ, ᖉ c ᱥжѠགྷⲺḽ䠅, ┗

䏩 |c| = 1 ᰬ,(|cf̃1|2, · · · , |cf̃Nt |2)⊤ = (|F (t1)|2, · · · , |F (tNt)|2)⊤ ᱥжⲺ. ᡶԛᖉ❬

ᡇԢⲺ随机源࠳ᮦ F (t)ᱥжѠ䶔䍕Ⲻᇔ࠳ᮦᰬ,ᡇԢ䠃ᶺⲺ䀙ሼᱥжⲺ.ഖ↚,൞

сᶛⲺпѠᮦٲᇔׁѣ, ᡇԢ䜳ሼ反╊源࠳ᮦⲺ㔓ሯٲ |F |.
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俌ݾᡇԢ㔏࠰↙问题≸䀙Ⲻ᭬ᮑ䙕ᓜ, ሯӄ问题
∂α
t u(x, t)− ∂xxu(x, t) = F (t), x ∈ [0, 1], t ∈ [0, T ]

∂xu(0, t) = u(1, t) = 0

u(x, 0) = 0.

ᖉ T = 4π, F (t) = sin(t) exp(−t/6) ᰬ, ᡇԢሯ α = 0.2, 0.4, 0.6, 0.8 〃߫сᰬ䰪

方ੇруੂ↛䮵Ⲻ u(0, t) 䘑㺂ኋ⽰, ެѣ t 分ࡡѰ π/200, 2π, ૂ 4π.

㺞 4.1 α = 0.2 ᰬ⺤ᇐᙝ↙问题䀙 u(0, t) ൞уੂ↛䮵сⲺ㔉᷒

॰䰪Ѡᮦ 50 100 200 400 800 600

u(0, t), t = π/200 8.3242e-02 8.3170e-02 8.3158e-02 8.3156e-02 8.3155e-02 8.3155e-02

u(0, t), t = 2π -8.3764e-03 -8.3981e-03 -8.4019e-03 -8.4024e-03 -8.4024e-03 -8.4024e-03

u(0, t), t = 4π -2.7116e-03 -2.7182e-03 -2.7193e-03 -2.7194e-03 -2.7194e-03 -2.7194e-03

㺞 4.2 α = 0.4 ᰬ⺤ᇐᙝ↙问题䀙 u(0, t) ൞уੂ↛䮵сⲺ㔉᷒

॰䰪Ѡᮦ 50 100 200 400 800 600

u(0, t), t = π/200 7.5606e-02 7.4956e-02 7.4728e-02 7.4654e-02 7.4629e-02 7.4621e-02

u(0, t), t = 2π -1.8204e-02 -1.8317e-02 -1.8346e-02 -1.8354e-02 -1.8356e-02 -1.8356e-02

u(0, t), t = 4π -6.2447e-03 -6.2832e-03 -6.2931e-03 -6.2958e-03 -6.2965e-03 -6.2967e-03

㺞 4.3 α = 0.6 ᰬ⺤ᇐᙝ↙问题䀙 u(0, t) ൞уੂ↛䮵сⲺ㔉᷒

॰䰪Ѡᮦ 50 100 200 400 800 600

u(0, t), t = π/200 6.8481e-02 6.6643e-02 6.5784e-02 6.5430e-02 6.5291e-02 6.5237e-02

u(0, t), t = 2π -2.9471e-02 -2.983e-02 -2.9946e-02 -2.9986e-02 -3.0000e-02 -3.0005e-02

u(0, t), t = 4π -1.0386e-02 -1.0511e-02 -1.0551e-02 -1.0565e-02 -1.057e-02 -1.0572e-02

㺞 4.4 α = 0.8 ᰬ⺤ᇐᙝ↙问题䀙 u(0, t) ൞уੂ↛䮵сⲺ㔉᷒

॰䰪Ѡᮦ 50 100 200 400 800 600

u(0, t), t = π
200

6.2355e-02 5.8893e-02 5.697e-02 5.6013e-02 5.5567e-02 5.5365e-02

u(0, t), t = 2π -4.1580e-02 -4.2484e-02 -4.2840e-02 -4.2985e-02 -4.3045e-02 -4.3071e-02

u(0, t), t = 4π -1.4698e-02 -1.5013e-02 -1.5137e-02 -1.5188e-02 -1.5209e-02 -1.5218e-02
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例 4.1：Ԛ Nt = 65,Nx = 100, 䠃གྷ䈋僂⅗ᮦѰ 1000 ⅗, ъᮦᦤᑜᴿ 5% Ⲻ⎁䠅䈥
ᐤ.Ⓠ࠳ᮦѰ F (t) = sin(t) exp(−t/6),T = 4π.ъ㘹㲇࠼ᮦ䱬৸ᮦ α = 0.4ૂ α = 0.8

Ⲻњ〃߫.

ެ䠃ᶺ㔉᷒ྸсഴᡶ⽰:

0 2 4 6 8 10 12 14
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8
=0.4

(a) α = 0.4 ᰬⲺ䠃ᶺ㔉᷒

0 2 4 6 8 10 12 14
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

T
he

 v
al

ue
 o

f |
f(

t)
|

=0.8

(b) α = 0.8 ᰬⲺ䠃ᶺ㔉᷒

ഴ 4.2 ㇍ׁ 3.1Ⲻ源࠳ᮦ䠃ᶺ㔉᷒, 㓘㢨㲐㓵Ѱⵕᇔٲ, 㬓㢨ᇔ㓵Ѱ䠃ᶺⲺٲ

例 4.2：ԚⓆ࠳ᮦѰ F (t) = sin(2t) cos(3t),T = π. ެ֏䇴ᇐф㇍ׁ 4.1ੂ. ެ䠃ᶺ

㔉᷒ྸсഴᡶ⽰:

0 0.5 1 1.5 2 2.5 3 3.5
0
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=0.4

(a) α = 0.4 ᰬⲺ䠃ᶺ㔉᷒
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0.7

0.8

0.9

1
=0.8

(b) α = 0.8 ᰬⲺ䠃ᶺ㔉᷒

ഴ 4.3 ㇍ׁ 4.2Ⲻ源࠳ᮦ䠃ᶺ㔉᷒, 㓘㢨㲐㓵Ѱⵕᇔٲ, 㬓㢨ᇔ㓵Ѱ䠃ᶺⲺٲ
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例 4.3：ԚⓆ࠳ᮦ F (t) Ѱ:

F (t) =



0, t ∈ [0, T/5),

2, t ∈ [T/5, 2T/5),

0.5, t ∈ [2T/5, 3T/5),

1.5, t ∈ [3T/5, 4T/5),

0, t ∈ [4T/5, T ],

ъ T = π,ъᮦᦤࡡ࠼ᑜᴿ 0%,3%ૂ 5%Ⲻ䈥ᐤ,⭞ԛ⎁䈋㇍⌋Ⲻどᇐᙝ,ެ֏䇴㖤

ф㇍ׁ㇍ׁ 4.1ੂ. ެਃ╊㔉᷒ྸсഴᡶ⽰:

0 0.5 1 1.5 2 2.5 3 3.5
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1
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2.5

(a) α = 0.4 ᰬⲺ䠃ᶺ㔉᷒
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(b) α = 0.8 ᰬⲺ䠃ᶺ㔉᷒

ഴ 4.4 уᆎ൞ᮦᦤ䈥ᐤᰬ㇍ׁ 4.3Ⲻ源࠳ᮦ䠃ᶺ㔉᷒, 㓘㢨㲐㓵Ѱⵕᇔٲ, 㬓㢨ᇔ㓵Ѱ䠃ᶺ

Ⲻٲ
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(a) α = 0.4 ᰬⲺ䠃ᶺ㔉᷒
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T
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(b) α = 0.8 ᰬⲺ䠃ᶺ㔉᷒

ഴ 4.5 ᮦᦤ䈥ᐤᴿ 3% ᰬ㇍ׁ 4.3Ⲻ源࠳ᮦ䠃ᶺ㔉᷒, 㓘㢨㲐㓵Ѱⵕᇔٲ, 㬓㢨ᇔ㓵Ѱ䠃ᶺ

Ⲻٲ
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(b) α = 0.8 ᰬⲺ䠃ᶺ㔉᷒

ഴ 4.6 ᮦᦤ䈥ᐤᴿ 5% ᰬ㇍ׁ 4.3Ⲻ源࠳ᮦ䠃ᶺ㔉᷒, 㓘㢨㲐㓵Ѱⵕᇔٲ, 㬓㢨ᇔ㓵Ѱ䠃ᶺ

Ⲻٲ

Ԅр䘦пѠ㇍ׁਥԛⵁ࠰, ᡇԢᨆ࠰Ⲻ㇍⌋ሯӄ反╊源࠳ᮦⲺ⁗ᱥ䖹Ѱᴿ᭾ૂ

どڛⲺ, ъ反╊࠳┇ݿᮦⲺ᭾᷒㾷Վӄᑜᴿ䰪ᯣ⛯Ⲻ࠳ᮦ᭾᷒.

4.6 ᵢㄖቅ㔉

ᵢㄖ㢸ᡇԢ研究䇞䇰Ҽᰬ䰪分ᮦ䱬ᢟᮙ方程Ⲻ随机反源问题. ᡇԢሼᰬ䰪ตр

Ⲻ问题ㅿԭ൦䖢ᦘѰ仇ตрⲺ两⛯䗯ٲ问题, ᒬъ䙐䗽䇷᱄㘻↙问题Ⲻ䘸ᇐᙝ

ᶛᗍࡦ问题↙问题Ⲻどᇐᙝ. 㙂ሯӄ随机源Ⲻ反╊, ᡇԢ䙐䗽问题Ⲻ䖢ᦘ䇷᱄࠰

问题Ⲻ随机源ڻ䠂ਬᦘⲺ⁗ਥԛ㻡䗯ٲᮦᦤڻ䠂ਬᦘⲺ方ᐤжᗍࡦ. 随

ᡇԢሼ䈛问题䖢ौѰҼփ䘎Ⲻ问题, ᒬъ䙐䗽փᨆॽ㇍⌋, 䙐䗽随机䚤㖟

ᴶ㓾䠃ᶺ࠰问题Ⲻ随机源. ᴶ, ᡇԢ㔏࠰Ⲻᮦٲ㇍ׁኋ⽰Ҽ䈛㇍⌋Ⲻᴿ᭾ᙝૂ

どᇐᙝ.
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5 ᰖ䗯⮂分ᮦ䱬ᢟᮙ方程随机反源问题

5.1 ᕋ䀶

൞ㅢ 4ㄖѣ, ᡇԢ䇞䇰ᒬ研究Ҽᑜᴿグ䰪随机源Ⲻᴿ⮂॰ตж㔪分ᮦ䱬ᢟᮙ

方程, ൞ᵢㄖѣ, ᡇԢሼ研究ᑜᴿグ䰪随机亯Ⲻᰖ䗯⮂分ᮦ䱬ᢟᮙ方程൞ж, ӂૂ

п㔪ѣⲺ↙问题ф反问题. グ䰪ᰖ⮂ตрⲺᰬ䰪᮪ᮦ䱬问题ᐨ㔅㻡䇮ཐᆜ㘻研究

䗽. ↙ྸ [84–86] ѣᡶ࠰Ⲻ, ᰖ⮂ตрⲺᢟᮙ问题ᶛ㠠ӄര։ѣⲺ✣Ֆ䙈, ⍷։ࣞ

,ᆜ࣑ 䠇㷃ᮦᆜѣⲺᵕᵹᇐԭ⨼䇰ᡌᱥެԌᓊ⭞ᮦᆜ亼ต. рь㓠ᵡ, Mainardi 

⭞Ფᯥᦘ研究䇞䇰Ҽж㔪グ䰪сᰖ䗯⮂Ⲻ分ᮦ䱬ᢟᮙ-⌘方程ḥ㾵问题ૂؗ

ਭ问题Ⲻะᵢ䀙. ᒬԛ M-Wright .ᮦⲺᖘᕅ㺞⽰䈛问题Ⲻะᵢ䀙ᶺᡆ࠳ Metzler ૂ

Klafter[50] ૂ܅ഴ⭞ Mittag-Leffler ,ᮦ࠳ 研究Ҽ分ᮦ䱬ᢟᮙ方程൞ж㔪グ䰪рঀ

䖪Ⲻ䀙. Agrawal[89] ᮦⲺ方⌋䪾ሯ䱬分ᮦ䱬ᢟᮙ方࠳ᲤᯥᦘૂṲ᷍⭞

程㔏࠰ҼᓊⲺ䀙Ⲻ㺞䗴ᖘᕅ. 㙂 Povstenko[90] ⭞ࡏ Mittag-Leffler ᮦૂグ࠳

䰪ตрⲺڻ䠂ਬᦘ研究Ҽᰬ䰪分ᮦ䱬ᢟᮙ-⌘方程൞ӂ㔪ঀᒩ䶘рⲺ䀙᷆䀙. ᒬъ

൞ [91] ѣሯӄੂ问题сⲺᖺੇ问题⭞〥分ᦘ方⌋㔏࠰Ҽ䀙ㆊ.

㙂ሯӄᵢㄖᶛ䈪, ⭧ӄ随机亯фグ䰪ީ, ᡇԢᰖ⌋䙐䗽Ֆ㔕Ⲻ Mittag-Leffler

,ᮦⲺᕧ䀙ᖘᕅ࠳ࡦᮦᶛᗍ࠳ Ԅ㙂䴶㾷܅ㅢ 4ㄖ䛙ṭሼ问题䖢ᦘࡦグ䰪ต-仇ตрᶛ

䘑㺂⨼䇰分᷆. ᡇԢሼ䙐䗽䖢ᦘⲺㅿԭ方程, 䇷᱄൞ӂ㔪ૂп㔪Ⲻ߫с随机ᢟ

ᮙ方程↙问题Ⲻ䘸ᇐᙝૂ↙ࡏᙝ, 䇷᱄ᢟᮙ方程反问题ѣ, ެ源亯Ⲻڻ䠂ਬᦘ⁗

ੂṭ㜳ཕ䙐䗽仇ตрㅿԭ䖢ᦘ方程Ⲻ䀙Ⲻ方ᐤж⺤ᇐ. Ԅ㙂ᡇԢਥԛ⭞ㅢ 4ㄖ

ੂⲺփ䘎Ⲻ方⌋ж≸䀙随机ᢟᮙ源㌱ᮦⲺ⁗.

类ղӄㅢ 2ㄖѣᡇԢሯ儎㔪随机源Ⲻٽᇐ, ᵢㄖѣⲺ源࠳ᮦⲺ随机䜞分ሼੂṭ

⭧ᴿ㢨ಠ༦ᶺᡆ,ᖉެީ࠳ᮦѰ δ ,ᮦᰬ,ᴿ㢨ಠ༦䘶ौѰཐ㔪Ⲻⲳಠ༦.ੂṭ࠳

䈛方程Ⲻ↙问题Ѱ൞㔏ᇐ源亯方程Ⲻ߫с⺤ᇐ随机ᢟᮙ൰, 㙂反问题Ѱྸ䙐

䗽⭞䗯⮂рⲺᢟᮙ൰ؗᚥᶛ䠃ᶺ随机源Ⲻ㔕䇗⢯ᖷ, ׁྸൽૂٲ方ᐤ.

5.2 问题ᨅ䘦

㘹㲇ԛсᰬ䰪分ᮦ䱬ᢟᮙ随机方程:
∂α
t u(x, t)−∆u(x, t) = f(x, t), (x, t) ∈ Rd × R+, d = 1, 2, 3,

u(x, 0) = 0, x ∈ Rd,

u(x, t)→ 0, |x| → ∞, t ∈ R+.

(5.1)
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ެѣ d = 1, 2, 3,x = (x1, . . . , xd), χD(x)ᱥグ䰪ตрⲺ⽰࠳ᮦ (indicator function),

ᢟᮙ源 f(x, t) ᱥжѠ随机࠳ᮦ, ┗䏩

f(x, t) = F (t)χD(x)Ẇx,

䘏䠂 F ᱥжѠ⺤ᇐⲺᇔ࠳ᮦ, ъ┗䏩 F (0) = 0,χD(x) ᱥグ䰪ตрީӄᴿ⮂॰ต D

Ⲻ⽰࠳ᮦ, D ⊂ Rd. Caputo 分ᮦ䱬ሲᮦ ∂α
t u ⭧ԛс㺞䗴ᕅᇐѿ:

∂α
t u(x, t) =

1

Γ(1− α)

∫ t

0

∂su(x, s)(t− s)−αds

ެѣ α ∈ (0, 1), Γ(α) =
∫∞
0

e−ssα−1ds ᱥճ傢࠳ᮦ. Ẇx ᱥᇐѿ൞グ䰪ตрⲺᴿ㢨ಠ

༦, ޭ։ԁ㔃৸㿷ㅢ 2.2.3㢸.

ሯӄ䘏Ѡ方程,ެ↙问题Ѱ൞㔏ᇐ随机源࠳ᮦ f Ⲻ߫с,䇗㇍方程(5.1)Ⲻ随机

ᢟᮙ൰ u. 㙂反问题ࡏᱥ䙐䗽㔏ᇐⲺḆ⛯ж⇫ᰬ䰪сⲺᢟᮙ൰ u(x0, t), x0 ∈ Rd, t ∈
[0, T ], 䠃ᶺᢟᮙ源㌱ᮦ F (t).

5.3 ↙问题Ⲻ䘸ᇐᙝ分᷆

ᵢ㢸ѣ, ᡇԢሼ䙐䗽ሼ问题ㅿԭ䖢ौѰ仇ตрⲺ问题, 䙐䗽分᷆ㅿԭ问题Ⲻ

䘸ᇐᙝૂެᕧ䀙Ⲻ↙ࡏᙝᗍࡦᡇԢᜩ㾷Ⲻ㔉᷒.

5.3.1 仇ตс↙问题分᷆

ㅢ⭞ 4.2㢸ѣⲺᕋ⨼ 4.1, ᡇԢ⸛䚉ሯӄжѠ分ᮦ䱬ሲᮦ ∂α
t v ൞ L2(R) с䘸ᇐ

Ⲻঋ䗯࠳ᮦ v(t), ެ分ᮦ䱬ሲᮦⲺڻ䠂ਬᦘ┗䏩:

F [∂α
t v](ω) = (iω)αv̂(ω) ∀α ∈ (0, 1],

ެѣ

v̂(ω) = F [v](ω) :=
∫
R
e−iωtv(t)dt

㺞⽰ v Ⲻڻ䠂ਬᦘ. ⌞ᝅࡦᖉ α уѰ᮪ᮦᰬ,(iω)α ᱥжѠཐ࠳ٲᮦ, ᡇԢ൞䘏䠂

ᇐѿ

(iω)α :=


|ω|α exp

(
iπα
2

sgn(ω)

)
, ω ̸= 0,

0, ω = 0,

ެѣ sgn(·) ᱥㅜਭ࠳ᮦ.

ഖѰᢟᮙ㌱ᮦ F ┗䏩 F (0) = 0, ᡶԛᡇԢਥԛሼެ䴬ᔬᤉࡦ䍕䖪 (−∞, 0) р,

ᇐѿᔬᤉⲺ࠳ᮦѰ F̃ , ъᴿ F̃ Ⲻڻ䠂ਬᦘѰ F̂ . ഖ↚ᡇԢሯ方程(5.1)两䗯ڻ䠂
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ਬᦘ, ᗍࡦԛсޞグ䰪Ⲻ随机偏微分方程:∆U(x, ω)− (iω)αU(x, ω) = −F̂ (ω)χD(x)Ẇx, x ∈ Rd, ω ∈ R,

|U(x, ω)| → 0, |x| → ∞.
(5.2)

ᖉ ω ̸= 0 ᰬ, ᡇԢ⸛䚉ᕅ(5.2)ᱥжѠ᭯ؤⲺӛ䵃ޯ方程 (modified Helmholtz

equation), Ԛ (iω)α/2 = k, ,ᮦ࠳グ䰪рⲺṲ᷍ޞ方程൞ࡏ ެะᵢ䀙Ѱ [92]:

Gω(x,y) =



Gω
1 (x, y) = −

1

2k
exp(−k|x− y|), d = 1,

Gω
2 (x,y) = −

1

2π
K0(k|x− y|), d = 2,

Gω
3 (x,y) =

exp(−k|x− y|)
4π|x− y|

, d = 3.

(5.3)

䘏䠂 x, y ∈ Rd, d = 2, 3, K0(·) ᱥ䴬䱬Ⲻㅢӂ类ؤ↙䍓ດቊ࠳ᮦ (modified Bessel

fuction of the second kind),k ┗䏩:

k = (iω)α/2 = |ω|α/2 exp
( iπα

4
sgn(ω)

)
, ℜ[k] = |ω|α/2 cos

(πα
4
)
> 0.

ℜ[·] фсᮽѣⲺ ℑ[·] 分ࡡ㺞⽰жѠགྷᮦⲺᇔ䜞ૂ㲐䜞.

ᖉ ω = 0 ᰬᴿ k = 0, ,൞ӂ㔪ૂп㔪⧥ູсࡏ 方程䘶ौѰжѠޞグ䰪рⲺ⌀ᶴ

方程, ᡇԢ⸛䚉ޞグ䰪рⲺᲤᯥⲺะᵢ䀙Ѱ:

G0(x,y) =


G0

1(x, y) =
1

2
|x− y|, d = 1,

G0
2(x,y) = −

1

2π
ln |x− y|, d = 2,

G0
3(x,y) =

1

4π
· 1

|x− y|
, d = 3.

(5.4)

൞ሯ仇ตр方程ⲺṲ᷍࠳ᮦ䘑㺂զ䇗ҁࢃ, ᡇԢݾሯ䴬䱬Ⲻㅢӂ类ؤ↙䍓ດቊ

ᮦ࠳ K0(x) 䘑㺂䱆䘦.

命题 5.1：Ԛ z ∈ C, 㤛 ℜ[z] > 0, ࡏ ν 䱬Ⲻؤ↙ㅢӂ㊱䍓ດቊ࠳ᮦᴿ〥࠼㺞⽰ [92]:

Kν(z) =

∫ ∞

0

exp
(
− z cosh(t)

)
cosh(νt)dt. (5.5)

ެѣ cosh(t) = (et + e−t)/2 ᱥਂᴨ֏ᕜ.

Ԅ㙂ᡇԢ㔏࠰ K0(k|x,y|) Ⲻզ䇗.

引理 5.1：Ԛ Ω ⊂ Rd ᱥжѠᴿ⮂॰ต, ъ y ∈ Ω. ሯӄ㔏ᇐⲺࡏ ω ૂԱᝅⲺᴿ⮂॰

ต K ⊂ Rd, ᮦ࠳Ⲻ䴬䱬ㅢӂ㊱䍓ດቊ↙ؤ K0 ᴿԛсզ䇗:

∥K0(k|x− y|)∥2L2(K×Ω) ≲ |ω|−α/2. (5.6)
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ެѣ k = (iω)α/2 = |ω|α/2 exp(sgn(ω)πα4 i), ω ̸= 0.

൞ᵢᮽѣ,a ≲ b 㺞⽰ a ≤ Cb, ެѣ C ᱥжѠф䠅ᰖީⲺᑮᮦ.

证明 ：俌ݾᡇԢ㔏࠰ሯ |K0(k|x− y|)|2 Ⲻզ䇗, ᴿ:

|K0(k|x− y|)|2 =

∣∣∣∣∣
∫ ∞

0

exp
(
− k|x− y|e

t + e−t

2

)
dt

∣∣∣∣∣
2

=
∣∣∣ ∫ ∞

0

exp
(
−ℜ[k]|x− y| cosh t

)
cos
(
ℑ[k]|x− y| cosh t

)
dt
∣∣∣2

+
∣∣∣ ∫ ∞

0

exp
(
−ℜ[k]|x− y| cosh t

)
sin
(
ℑ[k]|x− y| cosh t

)
dt
∣∣∣2

< 2
∣∣∣ ∫ ∞

0

exp
(
−ℜ[k]|x− y| cosh t

)
dt
∣∣∣2

ᡇԢ⸛䚉ሯӄ cosh t = (et + e−t)/2, ഖ↚ᆎ൞ N ∈ R, N > 0, ᖉ t ≥ N ᰬᴿ

t2 < cosh t, ᡶԛᴿ:

|K0(k|x− y|)|2 ≲
∣∣∣ ∫ N

0

exp
(
−ℜ[k]|x− y| cosh t

)
dt+

∫ ∞

0

exp(−ℜ[k]|x− y|t2)dt
∣∣∣2

<
∣∣∣N exp(−ℜ[k]|x− y|) +

√
π

2
√
ℜ[k]|x− y|

∣∣∣2
≲ exp

(
− 2ℜ[k]|x− y|

)
+

π

4ℜ[k]|x− y|
.

Ԅ㙂ሯӄ ∥K0(k|x− y|)∥2L2(K×Ω) ᶛ䈪, ᴿ

∥K0(k|x− y|)∥2L2(K×Ω) =

∫
Ω

∫
K

|K0(k|x− y|)|2dxdy

≲
∫
Ω

∫
K

exp
(
− 2ℜ[k]|x− y|

)
dxdy

+

∫
Ω

∫
K

π

4ℜ[k]|x− y|
dxdy

=: I1 + I2.

Ԛ Bρ(y) Ѱԛ y Ѱѣᗹ,ρ ѰঀᖺⲺ഼ᡌ⨹, ъ┗䏩 ρ = supx∈K,y∈Ω |x − y|, ࡏ
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ሯ ∀y ∈ Ω ᴿ K ⊂ Bρ(y),Ω ⊂ Bρ(y), Ԅ㙂ሯӄ I1, ᡇԢᴿ

I1 <

∫
Ω

∫
Bρ(y)

exp
(
− 2ℜ[k]|x− y|

)
dxdy

=

∫
Ω

∫ ρ

0

r exp
(
− 2ℜ[k]r

)
drdy

= µ(Ω)
1

2ℜ[k]

(
1− exp

(
− 2ℜ[k]ρ

)
(2ℜ[k]ρ+ 1)

2ℜ[k]

)
=: µ(Ω)

1

2ℜ[k]
h(2ℜ[k]),

ެѣ µ(Ω) ᱥᴿ⮂॰ต Ω Ⲻ⎁ᓜ,h ┗䏩

h(x) =
1− exp(−ρx)(ρx+ 1)

x

⭧ӄ d
dx

(
e−ρx(ρx + 1)

)
= −e−ρxρ2x ≤ 0,∀x ≥ 0, ഖ↚ e−ρx(ρx + 1) ≤ 1,  h(x) ൞

x ≥ 0 ᰬ䶔䍕. сᶛᡇԢ䈪᱄ሯӄԱᝅⲺ x > 0, ᮦ࠳ h(x) 䜳ᱥж㠪ᴿ⮂Ⲻ.

жᯯ䶘, ഖѰ

lim
x→∞

h(x) = 0,

ഖ㙂ᆎ൞жѠᑮᮦ C0, ֵᗍᖉ k > C0 ᰬ, ᴿ h(x) < 1, Ԅ㙂ᡇԢਥԛᗍࡦ h ൞

(C0,∞) рᱥж㠪ᴿ⮂Ⲻ. 㙂ਜжᯯ䶘, ⌞ᝅࡦ

lim
x→0+

h(x) = lim
x→0+

ρ2x

eρx
= 0.

Ԅ㙂䙐䗽ݿ┇ᙝᗍ࠰ h ൞ (0, C0] рҕᱥж㠪ᴿ⮂Ⲻ. ഖ↚ᡇԢᴿሯӄԱᝅⲺ x > 0,

ᮦ࠳ h(x) 䜳ᱥж㠪ᴿ⮂Ⲻ. ᴿ:

I1 ≲
1

ℜ[k]
≲ |ω|−α/2. (5.7)

㙂ሯӄ I2, ᡇԢᴿ

I2 <

∫
Ω

∫
Bρ(y)

π

4ℜ[k]|x− y|
dxdy

=

∫
Ω

∫ ρ

0

r
π

4ℜ[k]r
drdy

=
πρ

4ℜ[k]
µ(Ω) ≲ |ω|−α/2.

㔉ਾᡇԢሯ I1 ૂ I2 Ⲻզ䇗, ᡇԢᴿ

∥K0(k|x− y|)∥2L2(K×Ω) ≲ |ω|−α/2.

Ԅ㙂ᕋ⨼ᗍ䇷.
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сᶛᡇԢሯṲ᷍࠳ᮦ࠰ڐԛс↙ࡏᙝզ䇗, 䘏ሼሯсᶛⲺ方程զ䇗ѣ䎭ࡦ

ީ䭤ᙝⲺ֒⭞.

引理 5.2：⭧ᕅ(5.4)ૂᕅ(5.3), Ԛ Ω ⊂ Rd ᱥжѠᴿ⮂॰ต, ሯӄ㔏ᇐⲺࡏ ω ∈ R ૂ
Աᝅᴿ⮂॰ต K ⊂ Rd, Ṳ᷍࠳ᮦ Gω

d ┗䏩ԛсզ䇗:
∥G0

d∥2L2(K×Ω) < Const <∞, d = 1, 2, 3

∥Gω
d∥2L2(K×Ω) ≲ |ω|−α, d = 1

∥Gω
d∥2L2(K×Ω) ≲ |ω|−α/2, d = 2, 3.

ެѣ a ≲ b 㺞⽰ a ≤ Cb, ެѣ C > 0 ᱥжѠф ω уީⲺᑮᮦ.

证明 ：Ԛ Bρ(y) Ѱԛ y Ѱѣᗹ,ρ ѰঀᖺⲺ഼ᡌ⨹, ъ┗䏩 ρ = supx∈K,y∈Ω |x− y|
㤛 d = 1, ᖉ ω = 0 ᰬ, 䇗㇍ᴿ

∥G0
1∥L2(K×Ω) =

∫
Ω

∫
K

∣∣1
2
|x− y|

∣∣2dxdy
=

1

4

∫
Ω

∫
K

(x− y)2dxdy

<
1

4

∫
Ω

∫
K

ρ2dxdy

=
ρ2

4
|Ω||K| <∞.

䘏䠂 |Ω|, |K| Ⲻᱥࡡ࠼ Ω ૂ K Ⲻ॰䰪䮵ᓜ.

ᖉ ω ̸= 0 ᰬ, 䙐䗽䇗㇍〥࠼, ᡇԢᴿ

∥G0
ω∥L2(K×Ω) =

∫
Ω

∫
K

∣∣∣ 1
2k

exp(−k|x− y|)
∣∣∣dxdy

=
1

4|k|2

∫
Ω

∫
K

exp(−2ℜ[k]|x− y|)dxdy

<
1

4|k|2

∫
Ω

∫
K

1dxdy

=
1

4|ω|α
|Ω||K|

≲ |ω|−α.
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㤛 d = 2, ω = 0 ᰬ, 䙐䗽䇗㇍ᴿࡏ

∥G0
2∥L2(K×Ω) =

∫
Ω

∫
K

(
− 1

2π
ln |x− y|

)2
dxdy

≤ 1

4π2

∫
Ω

∫
Bρ(y)

∣∣ ln |x− y|
∣∣2dxdy

=
1

4π2

∫
Ω

∫ ρ

0

r| ln r|2drdy

=
µ(Ω)ρ2

16π2

[
2(ln ρ)2 − 2 ln ρ+ 1

]
<∞.

ω ̸= 0 ᰬ, ᡇԢᴿ

∥Gω
2 ∥L2(K×Ω) =

∫
Ω

[ ∫
K

∣∣∣ 1
2π

K0(k|x− y|)
∣∣∣2dx]dy

=
1

4π2

∫
Ω

∫
K

∣∣K0(k|x− y|)
∣∣2dxdy

=
1

4π2
∥K0(k|x− y|)∥2L2(K×Ω)

≲|ω|−α/2.

ᖉ d = 3 ᰬ, ሯ ω = 0

∥G0
3∥L2(K×Ω) =

∫
Ω

∫
K

(
− 1

4π
· 1

|x− y|

)2
dxdy

≤ 1

16π2

∫
Ω

∫
Bρ(y)

1

|x− y|2
dxdy

=
1

16π2

∫
Ω

∫ ρ

0

drdy

=
ρµ(Ω)

16π2
<∞.
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ω ̸= 0 ᰬ,

∥Gω
3 ∥L2(K×Ω) =

∫
Ω

[∫
K

∣∣∣∣∣exp(−(iω)α/2|x− y|)
4π|x− y|

∣∣∣∣∣
2

dx

]
dy

=
1

16π2

∫
Ω

[∫
K

exp(−2ℜ[k]|x− y|)
|x− y|2

dx

]
dy

<
1

16π2

∫
Ω

[∫
Bρ(y)

exp(−2ℜ[k]|x− y|)
|x− y|2

dx

]
dy

<
1

16π2

∫
Ω

(∫ ρ

0

exp
(
−
√
2|ω|α/2r

)
dr
)
dy

=
µ(Ω)

16π2

1√
2|ω|α/2

≲ |ω|−α/2

Ԅ㙂ᗍ䇷ᕋ⨼㔉䇰.

5.3.2 仇ตс问题Ⲻ䘸ᇐᙝ

ะӄ᧞ሲ࠰ⲺṲ᷍࠳ᮦ Gω(x,y) Ⲻᙝ䍞, ᡇԢсᶛ䇷᱄随机微分方程(5.2)ᆎ

൞жᕧ䀙, ᡇԢሼ㔏ެ࠰ᕧ䀙Ⲻ㺞䗴ᖘᕅ, ᒬሯެ↙ࡏᙝ䘑㺂զ䇗.

൞↚ҁࢃ, ᡇԢഔ亴ᴿީᴿ㢨ಠ༦Ⲻжӑᙝ䍞ૂሯ↚֒࠰Ⲻٽ䇴, 俌ݾ, ሯӄ仇

ตсⲺ随机问题:∆U(x, ω)− (iω)αU(x, ω) = −F̂ (ω)χD(x)Ẇx, x ∈ Rd, ω ∈ R,

|U(x, ω)| → 0, |x| → ∞, x ∈ Rd.

ެѣ↙ྸㅢ 3ㄖ 3.3.2㢸ѣᕅ(3.23)ѣᡶᇐѿⲺ䛙ṭ, р䘦问题ѣⲺ ẆX ┗䏩অ方ᐤ

方程

c(X,Y ) = E(ẆXẆY ) = c(X − Y ), ∀X, Y ∈ Rd.

൞䘏䠂ᡇԢੂṭٽ䇴ሯӄḆѠ q0 ≥ 1, ᴿ c ∈ Lq0
loc(Rd). ഖ↚, ,ᮦ࠳Ṳ᷍⭞ ᡇԢਥ

ԛ㔏࠰问题 5.2Ⲻᕧ䀙ᖘᕅ:

U(x, ω) = −
∫
Rd

F̂ (ω)χD(y)G
ω(x,y)dWy

= −F̂ (ω)

∫
D

Gω(x,y)dWy.
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ᡇԢ俌ݾ㔏ީ࠰ӄ䘏ж随机〥分方程Ⲻ䘸ᇐᙝզ䇗. 䇷᱄

E
(∣∣∣ ∫

D

Gω(x,y)dWy

∣∣∣2)
=

∫
D

∫
D

Gω(x,y)c(y − z)G(x,z)dyz <∞,

䘏䠂ᡇԢ⭞Ҽᴿ㢨ಠ༦Ⲻᙝ䍞, ᇐ⨼ 2.13.

ㅢ⭞ 3ㄖ 3.3.2㢸ᕋ⨼ 3.3ᨆࡦⲺᶞуㅿᕅ(3.26), ᡇԢᴿ∫
D

∫
D

Gω(x,y)c(y − z)G(x,z)dydz

≤ ∥Gω(x, ·)∥2Lp0 (D)∥c∥Lq0 (B2R),

ެѣ p0 = 2q0
2q0−1

. ഖѰᡇԢሯީ࠳ᮦ c(x,y) Ⲻٽ䇴㾷≸䘏䠂 q0 ≥ 1, ᡶԛ䘏䠂ᡇ

Ԣᴿ p0 ∈ [1, 2]. ⭧ p0 ≤ 2, ᡇԢᴿީ㌱ᕅ:

∥Gω(x, ·)∥2Lp0 (D) ≤
µ(D)2/p0

µ(D)
∥Gω(x, ·)∥2L2(D).

ഖ↚൞䘏䠂ᡇԢᴿզ䇗

E
(∣∣∣ ∫

D

Gω(x,y)dWy

∣∣∣2)
≤ ∥Gω(x, ·)∥2L2(D)∥c∥Lq0 (B2R).

(5.8)

ެѣ q0 ≥ 1.

注 5.1：ᡇԢ⸛䚉ᖉ c(x) = δ(x) ᰬ, ቚެ൞ж㔪Ⲻ߫с, 䳅ᵰⓆѣⲺᴿ㢨ಠ༦䘶

ौѰⲳಠ༦, ъᴿ

E
(∣∣∣ ∫

D

Gω(x,y)dWy

∣∣∣2) =

∫
D

|Gω(x,y)|2dy.

䘏ᰬᡇԢᴿ q0 = 1, p0 = 2q0/(2q0 − 1) = 2.

⧦൞ᡇԢ㔏࠰仇ตр↙问题Ⲻ䘸ᇐᙝզ䇗.

定理 5.1：㤛 F ∈ H1(R+), 䛙Ѿᖉީ࠳ᮦ c(x) ┗䏩ٽ䇴 c ∈ Lq0(D), q0 ≥ 1 ᰬ,

䳅ᵰᗤᯯ࠼ぁ (5.2)ᆎ൞жᕧ䀙:

U(x, ω) = −F̂ (ω)

∫
D

Gω(x,y)dWy, x ∈ Rd, ω ∈ R. (5.9)

ੂᰬ, 䀙 U ┗䏩ԛсզ䇗:

E∥iωU∥2L2(R;L2
loc(Rd)) ≲ ∥c∥Lq0 (D)∥F∥2H1(R+), (5.10)
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证明：ᕧ䀙(5.9)Ⲻᆎ൞ᙝૂжᙝ㊱ղӄㅢ 3ㄖ 3.3㢸ѣⲺ䇷᱄,൞䘏䠂ᡇԢу߃ਏ

䘦. ᡇԢ䘏䠂㔏࠰ሯӄզ䇗(5.10)Ⲻ䇷᱄.

ṯᦤᴿ㢨ಠ༦Ⲻᙝ䍞ૂᕅ(5.8), ሯԱᝅⲺᴿ⮂॰ต K ⊂ (Rd), ᡇԢᴿ

E∥iωU∥2L2(K;L2(Rd)) =

∫
R

∫
K

|iωF̂ (ω)|2E
∣∣∣∣∫

D

Gω(x,y)dWy

∣∣∣∣2 dxdω
≤
∫
R
|ω|2|F̂ (ω)|2

∫
K

∥Gω(x, ·)∥2L2(D)∥c∥Lq0 (D)dxdω

= ∥c∥Lq0 (D)

∫
R

∫
K

∫
D

∣∣Gω(x,y)
∣∣2dydxdω

= ∥c∥Lq0 (D)

∫
R
|iωF̂ (ω)|2∥Gω∥2L2(K×D)dω.

⭧ᕋ⨼ 5.2ૂᑋᯥ⬜ቊᚈㅿᕅ, рᕅ┗䏩

E∥iωU∥2L2(R;L2
loc(Rd)) ≤ ∥c∥Lq0 (D)

(∫
{ω:|ω|≤1}

|F̂ (ω)|2dω +

∫
{ω:|ω|>1}

|iωF̂ (ω)|2dω

)

≲ ∥c∥Lq0 (D)

(∫
{ω:|ω|≤1}

|F̂ (ω)|2dω +

∫
{ω:|ω|>1}

|iωF̂ (ω)|2dω

)
≤ ∥c∥Lq0 (D)

(
∥F̂∥2L2(R) + ∥iωF̂∥2L2(R)

)
= ∥c∥Lq0 (D)∥F∥2H1(R+).

Ԅ㙂ᇐ⨼ᗍ䇷.

5.3.3 ᰬตсⲺ↙问题分᷆

ะӄр䘦分᷆, ᡇԢሯ㔏࠰仇ต问题≸䀙фᰬต↙问题Ⲻㅿԭᙝ, ᒬъ㔏࠰问

题(5.1)Ⲻ䘸ᇐᙝ䇷᱄.

定理 5.2：㤛 F ∈ H1(R+), 䛙Ѿᰖ䗯⮂сⲺ࠼ᮦ䱬ᢟᮙ䳅ᵰⓆᯯぁ(5.1)ᆎ൞ж䀙

u ┗䏩ԛсզ䇗:

E∥∂tu∥2L2(R;L2
loc(Rd)) ≤ C∥F∥2H1(R+) ∀ t ∈ R+,

ެѣ C > 0 ᱥжѠᑮᮦ.

证明 ：Ԛ

ũ(x, t) = F−1[U(x, ·)](t), x ∈ Rd, t ∈ R,

ެѣ F−1 ᱥڻ䠂ਬ䘼ᦘ,U = −F̂ (ω)
∫
D
Gω(x,y)dWy ᱥᯯぁ(5.2)Ⲻᕧ䀙. ᇐѿ

u(x, t) = ũ(x, t)
∣∣
t≥0

. (5.11)
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ѰҼ䈪᱄䰤从(5.1)䀙Ⲻᆎ൞ᙝ, ᡇԢሼ䈪᱄(5.11)ѣᇐѿⲺ u ቧᱥ䰤从(5.1)Ⲻ䀙.

俌ݾᡇԢ䈪᱄ u(x, t) ┗䏩䰤从(5.1)ⲺٲࡓᶗԬૂᰖキ䘒༺Ⲻ㺦ࠅᶗԬ.

⭧ӄ U(x, ω) ┗䏩ᯯぁ(5.2), ഖ↚┗䏩

|U(x, ω)| → 0, |x| → 0,

ᱴ❬ ũ(x, t) ┗䏩 ũ(x, t)→ 0, |x| → 0, Ԅ㙂ᴿ u(x, t)→ 0, |x| → 0. 㙂৾⌞ᝅࡦ

ũ(x, t) = F−1[U(x, ·)](t)

= F̃ (t) ∗ F−1
[ ∫

D

Gω(x,y)dWy

]
= −

∫ t

−∞
F̃ (s)F−1

[ ∫
D

Gω(x,y)dWy

]
(t− s)ds,

ެѣ F̃ ᱥ F (t) ൞ (−∞, 0) рⲺ䴬ᔬᤉ, ъ F̃ (0) = F (0) = 0. ഖ↚ਥ⸛ ũ ᱥжѠঋ

䗯࠳ᮦ, ᖉ t <= 0 ᰬ,ũ(x, t) = 0, Ԅ㙂ᴿ

u(x, 0) = ũ(x, 0) = 0. (5.12)

㙂⭧ᑋ㾵⬜ቊᚈㅿᕅૂᇐ⨼ 5.1ᡇԢ⸛䚉,∂tũ ┗䏩

E∥∂tũ∥2L2(R;L2
loc(Rd)) = E∥iωU∥2L2(R;L2

loc(Rd)) ≤ C∥F∥2H1(R+), (5.13)

䘏ҕ䇷᱄Ҽ ũ ީӄ t Ⲻ Caputo .ᮦ䱬ሲᮦᱥ䘸ᇐⲺ࠼

ӄީ߃ ω ሯᕅ(5.2)њ䗯ڐ䘼ڻ䠂ਬᦘ, ⭞ ũ ┗䏩 u = ũ|R+ Ⲻީ㌱ᕅ, ԛ

ঋ䗯࠳ᮦ ũ ┗䏩ᕋ⨼ 5.2Ⲻ㾷≸, ᡇԢᴿ:∆u(x, t)− ∂α
t u(x, t) = −F (t)Ẇx, x ∈ Rd, t ∈ R+,

u(x, t)→ 0, x→∞, t ∈ R+,
(5.14)

ᡇԢሼᕅ(5.14)ૂٲࡓᶗԬ(5.12)㔉ਾ, ᕅ(5.11)ѣᇐѿⲺ࠰ਥԛᗍࡏ u Ѱ┗䏩

զ䇗(5.13)Ⲻ䰤从(5.1)Ⲻ䀙.

㙂⭧ӄڻ䠂ਬᦘⲺਥ䘼ᙝ,ᱴ❬࠳ᮦ ũ,ԛᓊⲺ u(x, t)┗䏩䰤从ѣⲺ(5.1)ᗤ

,ぁᯯ࠼ ެ䘸ᇐᙝҕਥԛ⭞ᡇԢ(5.2)᷆࠼ᰬⲺᇐ⨼(5.1)ᗍࡦ.

5.4 反问题Ⲻ⨼䇰分᷆

൞ᵢㄖѣ, ᡇԢሼ研究方程(5.1)Ⲻ反问题, ྸ䙐䗽グ䰪ѣԱᝅж⛯ x0 ༺ж

⇫ᰬ䰪 [0, T ] Ⲻᢟᮙ൰ u(x0, t), t ∈ [0, T ] ᶛ反╊随机源ѣⲺᢟᮙ㌱ᮦ F (t).
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5.4.1 仇ตс随机源⁗䠃ᶺ

俌ݾᡇԢ㘹㲇ྸ䠃ᶺ F ,⁗䠂ਬᦘҁⲺڻ ᒬъ分᷆反╊䘏ж问题Ⲻж

ᙝૂᆎ൞Ⲻу⺤ᇐᙝ. ൞ሯ反问题Ⲻ分᷆ૂ≸䀙ѣ, ᡇԢٽᇐ随机源Ⲻಠ༦൞уੂ

㔪ᓜсᱥуީⲺ, Ѱཐ㔪Ⲻⲳಠ༦.

5.4.1.1 жᙝ分᷆

൞ⲳಠ༦Ⲻ傧ࣞс, ᡇԢⲺᕧ䀙ᴿྸсᖘᕅ:

U(x, ω) = −F̂ (ω)

∫
D

Gω(x,y)dW̃y.

Ԅ㙂⭞ㅿ䐓ޢᕅ, ᡇԢ⸛䚉䀙 U(x, ω) ൞Աᝅж⛯ x0 ༺Ⲻൽૂٲ方ᐤ┗䏩:

E[U(x0, ω)] = 0,

ԛ

V[U(x0, ω)] = E[|U(x0, ω)|2] = |F̂ (ω)|2
∫
D

|Gω(x0,y)|2dy, (5.15)

Ԅ㙂ᡇԢᴿԛсᕋ⨼.

引理 5.3：ሯӄԱᝅരᇐⲺ ω ∈ R, ᴿԛсզ䇗:∫
D

|Gω(x0,y)|2dy > 0.

证明 ：ᖉ d = 1 ᰬ, ሯ ω = 0, ሯӄԱᝅⲺࡏ x0 ∈ R, ᡇԢᴿ∫
D

|G0
1(x0, y)|2dy =

∫
D

1

4
(x0 − y)2dy

ᱴ❬рᕅ〥࠼䶔䍕, ⭧ӄ (x0 − y)2 ≥ 0, ъሯӄ y ∈ D ᶛ䈪 (x0 − y)2 уᚈѰ䴬, ഖ

↚ᴿ
∫
D
|G0

1(x0, y)|2dy > 0.

ᖉ ω ̸= 0, ∫ᴿࡏ
D

|Gω
1 (x0, y)|2dy =

1

2|ωα|

∫
D

exp(−2ℜ[k]|x− y|)dy

>
1

2|ωα|

∫
D

exp(−2ℜ[k]ρ)dy

=
|D| exp(−ℜ[k]ρ)

2|ω|α
> 0.

ᖉ d = 2 ᰬ, 㤛 ω = 0, ሯӄԱᝅⲺࡏ x0 ∈ Rd, ᡇԢᴿ∫
D

|G0
2(x0,y)|2dy =

1

4π2

∫
D

(
ln |x0 − y|

)2
dy.
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ਠᴿᖉ y ∈ ∂Bx0(1) ᰬᴿ
(
ln |x0 − y|

)2
= 0, 㙂ሯӄᴿ⮂॰ต D ᶛ䈪ᱴ❬ᴿ D ̸=

Bx0(1), Ԅ㙂ᴿ ∫
D

|G0
2(x0,y)|2dy > 0.

㤛 ω ̸= 0, Ԛ ρ = maxy∈D |x0 − y|, ∫ᴿࡏ
D

∣∣Gω
2 (x0,y)

∣∣2dy =
1

4π2

∫
D

|K0(−k|x0 − y|)|2dy

=
1

4π2

∫
D

∣∣∣∣∣
∫ ∞

0

exp
(
− k|x0 − y|e

t + e−t

2

)
dt

∣∣∣∣∣
2

dy

>
µ(D)

4π2

∣∣∣ ∫
0

∞ exp(−kρ cosh t)dt
∣∣∣2

=
µ(D)

4π2

(∣∣∣ ∫ ∞

0

exp(−ℜ[k]ρ cosh t) cos(ℑ[k]ρ cosh t)dt
∣∣∣2

+
∣∣∣ ∫ ∞

0

exp(−ℜ[k]ρ cosh t) sin(ℑ[k]ρ cosh t)dt
∣∣∣2).

⭧ӄሯрᕅᶛ䈪, њѠ〥࠼уਥ㜳ੂᰬѰ䴬, ᡶԛᡇԢᴿ∫
D

|Gω
2 (x0,y)|2dy > 0.

ᖉ d = 3 ᰬ, 㤛 ω = 0, ∫ᴿࡏ
D

|G0
3(x0,y)|2dy =

1

16π2

∫
D

| 1

|x0 − y|
|2dy

>
µ(D)

16ρπ2
> 0.

ω ̸= 0 ᰬ, ∫:ᴿࡏ
D

|Gω
3 (x0,y)|2dy =

1

16π2

∫
D

∣∣∣−k|x0 − y|
|x0 − y|

∣∣∣2dy
=

1

16π2

∫
D

exp(−2ℜ[k]|x0 − y|)
|x0 − y|2

dy

>
1

16π2

∫
D

exp(−2ℜ[k]ρ)
ρ2

dy

>
µ(D)

16π2ρ2
exp(|ω|α/2ρ) > 0.

Ԅ㙂ᕋ⨼ᗍ䇷.

定理 5.3：㤛 F ∈ H1(R+), ⁗䠂ਬڻࡏ |F̂ (ω)| ਥԛ㻡グ䰪рԱᝅж⛯ x0 рⲺᢟᮙ

൰ᮦᦤڻ䠂ਬᦘⲺᯯᐤ V[U(x0, ω)] ᡶж⺤ᇐ.
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证明 ⨽ᕅ(5.15)ૂᕋ⭞： 5.3, ᡇԢਥԛᗍࡦ, ሯԱᝅ㔏ᇐⲺ x0 ∈ Rd:

|F̂ (ω)| =
(

V[U(x0, ω)]∫
D
|Gω(x0,y)|2dy

) 1
2

∀ω ∈ R, (5.16)

Ԅ㙂ؓ䇷Ҽ䠃ᶺⲺжᙝ.

5.4.1.2 どᇐᙝ分᷆

⭧ᇐ⨼ 5.3, ᡇԢ⸛䚉㲳❬反问题ᆎ൞ж䀙, ռᱥ䀙প㕰҅どᇐᙝ, ഖѰᖉ

ω → ∞ ᰬ, 䠃ᶺީ㌱ᕅ(5.16)Ⲻ分∃
∫
D
|Gω(x0,y)|2dy ሼՐ䏁ӄ䴬. ᡇԢሼ൞с

䶘Ⲻᇐ⨼ѣ㔏ޭ࠰։Ⲻզ䇗.

定理 5.4：ሯӄԱᝅരᇐⲺ ω ̸= 0 ૂ㔏ᇐⲺ x0, Ṳ᷍࠳ᮦ Gω(x0,y) ┗䏩ԛсզ䇗:
∫
D

|Gω
d (x0,y)|2dy ≲ |ω|−α, d = 1∫

D

|Gω
d (x0,y)|2dy ≲ |ω|−α/2, d = 2, 3.

证明 ：⭧(5.3), ᖉ d = 1 ᰬ, ᴿ∫
D

|Gω
1 (x0, y)|2dy =

∫
D

∣∣∣1
k
exp(−k|x0 − y|)

∣∣∣2dy
=

1

2|ω|α

∫
D

exp(−2ℜ[k]|x0 − y|)dy

<
|D|
2|ω|α

≲ |ω|−α.

ᖉ d = 2 ᰬ, ᴿ:∫
D

|Gω
2 (x0,y)|2dy =

1

4π2

∫
D

∣∣K0(−k|x0 − y|)
∣∣2dy.

ᕋ⨼ 5.1ѣ, ᡇԢᴿզ䇗

|K0(k|x− y|)|2 ≲ exp
(
− 2ℜ[k]|x− y|

)
+

π

4ℜ[k]|x− y|
.

Ԛ Bρ(x0) Ѱԛ x0 Ѱѣᗹ,ρ ѰঀᖺⲺ഼ᡌ⨹, ъ┗䏩 ρ = supy∈D |x0 − y|, ሯࡏ
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∀y ∈ D ᴿ D ⊂ Bρ(x0), Ԅ㙂ᡇԢᴿ:∫
D

|Gω
2 (x0,y)|2dy ≲

∫
D

(
exp

(
− 2ℜ[k]|x− y|

)
+

π

4ℜ[k]|x− y|

)
dy

<

∫
Bρ(x0)

exp
(
− 2ℜ[k]|x− y|

)
dy +

∫
Bρ(x0)

π

4ℜ[k]|x− y|
dy

=
1

2ℜ[k]
(
h(2ℜ[k]) + πρ

2

)
≲ |ω|−α/2.

ެѣ h(2ℜ[k]) Ⲻᇐѿૂզ䇗фᕋ⨼ 5.1ѣੂ, ൞↚уཐڐ䎎䘦, ᴿ h(2ℜ[k]) ൞
ℜ[k] = |ω|α/2 cos(πα

4
) 大ӄ䴬ᰬж㠪ᴿ⮂.

ᖉ d = 3 ᰬ, ᴿ∫
D

|Gω
3 (x0,y)|2dy =

∫
D

∣∣∣∣∣exp(−k|x0 − y|)
4π|x0 − y|

∣∣∣∣∣
2

dy

=
1

16π2

∫
D

exp(−2ℜ[k]|x0 − y|)
|x0 − y|2

dy

<
1

16π2

∫
Bρ(x0)

exp(−2ℜ[k]|x− y|)
|x0 − y|2

dy

<
1

16π2

∫ ρ

0

exp
(
−ℜ[k]r

)
dr

=
1

16π2

1− exp(−ℜ[k]ρ|)
ℜ[k]

≲ |ω|−α/2

Ԅ㙂ᇐ⨼ᗍ䇷.

注 5.2：ሯӄ䙐䗽ᢟᮙ㌱ᮦڻ䠂ਬᦘⲺ⁗ |F̂ (ω)|ਃ╊ᗍࡦ |F (t)|Ⲻփ䘎ᯯ⌋
ԛީ⨼䇰, ᡇԢᐨ㔅൞ㅢ 4Ⲻ 4.4.2㢸ѣ䱆䘦䗽, ൞䘏䠂уڐ䗽ཐ䈪᱄.

5.5 ᵢㄖቅ㔉

ᵢㄖ㢸ᡇԢ൞ржㄖⲺะр, 研究䇞䇰Ҽཐ㔪ᖘсᰖ䗯⮂Ⲻᰬ䰪分ᮦ䱬ᢟ

ᮙ方程Ⲻ随机反源问题. ะӄཐ㔪随机源ᱥ⭧ᴿ㢨ಠ༦傧ࣞⲺٽ䇴с, ᡇԢ俌ݾሼ

ᰬ䰪ตрⲺ问题ㅿԭ൦䖢ᦘѰ仇ตрⲺ两⛯䗯ٲ问题, ᗍࡦҼ㘻↙问题䀙Ⲻቶ

䜞ᆎ൞ᙝૂᴿ⮂զ䇗, ᒬъ䙐䗽仇ตૂᰬต问题ⲺㅿԭᙝᗍࡦҼ问题䀙Ⲻ䘸ᇐᙝ.

㙂ሯӄ随机源Ⲻ反╊, ᡇԢ൞ⲳಠ༦傧ࣞ随机源Ⲻٽ䇴с㔏࠰Ҽ≸䀙随机源㌱ᮦⲺ

,䠂ਬ⁗Ⲻ㺞䗴ᖘᕅڻ 随㔏࠰Ҽ反问题≸䀙Ⲻжᙝᒬъሯެуどᇐᙝ㔏࠰Ҽ䈪

᱄.
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6 ᙱ㔉фኋᵑ

ᵢᮽѱ㾷研究Ҽ两类偏微分方程Ⲻ随机反源问题. 俌ݾ, ᡇԢṯᦤ偏微分方程

Ⲻᖘᕅ≸䀙ެ࠰Ṳ᷍࠳ᮦ, ᒬъ㔏ެ࠰↙问题䀙Ⲻ随机〥分㺞䗴ᖘᕅ, ᒬԛ↚䇷᱄

䀙Ⲻᆎ൞жᙝૂ䘸ᇐᙝ. ެ⅗, 䙐䗽↙问题䀙Ⲻ〥分㺞䗴㔏࠰ᐨᴿᮦᦤⲺ㔕䇗⢯

ᙝф䴶㾷䠃ᶺⲺ随机源Ⲻ㔕䇗⢯ᙝ两㘻ҁ䰪Ⲻީ㌱, ᴶ䙐䗽↙ࡏौⲺᮦٲ方⌋ᗍ

.ᜩ㾷Ⲻ反╊㔉᷒ࡦ

6.1 ѱ㾷᯦ࡑ⛯

䪾ሯਂ䈹ૂ方程随机反源问题ᡇԢሼᐨᴿⲺж㔪㔉᷒ᢟኋࡦӂ㔪, ᒬъ൞ᴪѰ

ж㡢Ⲻಠ༦ٽ䇴с㔏࠰Ҽ↙问题䀙Ⲻ䘸ᇐᙝૂ䘔㔣ᙝⲺ䇷᱄, ᒬъሼ反问题䖢ौѰ

≸䀙两Ѡㅢж类 Fredholm 〥分方程, ߩौᶛ≸䀙䘏类方程ԛ䀙ࡏ↙ਿ⍠䈰ཡ⭞

问题ᵢ䓡Ⲻу䘸ᇐᙝ, ᒬ൞ᮦٲрᗍࡦҼᴿ᭾ъどᇐⲺ㔉᷒.

䪾ሯ分ᮦ䱬ᢟᮙ方程,ᡇԢ㘹㲇Ҽグ䰪ตಠ༦傧ࣞсⲺ随机源问题,ᒬъ䙐䗽ሯ

ᰬ䰪ตⲺڻ䠂ਬᦘሼ问题ㅿԭ൦䖢ᦘࡦҼ仇ตр, ሼެѰㅿԭ≸䀙жѠ类ӛ

䵃ޯ方程. ᒬъ䙐䗽䇷᱄㘻䀙Ⲻ↙ࡏᙝૂ䘸ᇐᙝ反᧞ᗍࡦҼ问题䀙Ⲻ䘸ᇐᙝ

զ䇗. 㙂ሯӄྸԄӻᴿⲺ随机源㌱ᮦⲺڻ䠂ਬ⁗反╊≸ᗍ㌱ᮦᵢ䓡Ⲻ㔓ሯٲ, ᡇ

Ԣ⭞Ҽփ䘎Ⲻ㇍⌋, Ԅᮦٲрᇔ⧦Ҽ䘏ж⛯, ᒬ䈪᱄Ҽ䘏жᮦٲ反╊Ⲻᴿ᭾

ᙝૂどᇐᙝ.

6.2 ᵠᶛᐛ֒ኋᵑ

ᵢᮽ䪾ሯ两类偏微分方程Ⲻ随机反源问题㔏࠰Ҽެ↙问题ᕧ䀙Ⲻ䘸ᇐᙝૂ≸䀙

ެᓊⲺ反问题Ⲻᴿ᭾㇍⌋. ռᱥ䈛㇍⌋ṼᷬԃᴿᖾཝⲺՎौグ䰪, ᗍ䘑ж↛Ⲻٲ

᧘㍘. ਜཌ, 䘏类≸䀙随机反源问题Ⲻ方⌋ሯӄެԌ偏微分方程Ⲻᓊ⭞ҕٲᗍᴪཐ

᧘㍘. ഖ↚, ᵠᶛⲺ研究方ੇᴿԛсࠖѠ方䶘φ

1. ሯӄ随机反源问题൞㮺ᶵ䴽ࣞ方䶘Ⲻ研究р, ᵢᮽਠ研究Ҽ䶏ᘷㆶ᭥⁗ශсⲺ

方程, ሼެ⢟⨼⁗ශㆶौжѠਂ䈹ૂ随机方程. ഖ↚൞ҁⲺ研究ѣ, ᡇ

ԢਥԛሼެᔬᤉࡦᴪѰж㡢Ⲻ߫ѣৱ. ׁྸྸ䙐䗽ࣞᘷⲺ㮺ᶵ䴽ࣞ方程⺤

ᇐ随机源ૂ㮺ᶵ䜞Ⲻ࣑ᆜᙝ䍞; ൞ެԌ䗯⮂ᶗԬсྸ㔏࠰ᓊⲺᕧ䀙㺞䗴

ᒬъ≸䀙ެ反问题; ሯӄᕯᙝ൦ะ᭥᫇问题Ⲻ分᷆ૂ≸䀙ㅿㅿ.

2. ሯӄ分ᮦ䱬ᢟᮙ方程Ⲻ研究ҕੂṭ⮏ᴿ䇮ཐグⲳ, Ԅ仇ตⲺ䀈ᓜрᶛⵁ, 分ᮦ

䱬ᢟᮙ方程ૂ分ᮦ䱬⌘方程൞㺞䗴方ᕅрᒬᰖ॰ࡡ, ഖ↚䙐䗽仇ต≸䀙䘏两类
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方程Ⲻ॰ૂࡡੂ⛯ᱥӶѾ, ԛ䘏类方⌋ᱥੜਥԛ䘆⭞൞ሯӄ分ᮦ䱬⌘

ࣞ方程Ⲻ≸䀙ѣৱ, 䘏䜳ᱥ䴶㾷䘑ж↛研究ૂ䇞䇰Ⲻ. 䲚↚ҁཌ, ሯӄ儎㔪с

ᰖ䗯⮂Ⲻ分ᮦ䱬ᢟᮙ方程Ⲻ随机反源≸䀙൞ᵢᮽѣԃ❬ਠᆎ൞ӄ⨼䇰ቸ䶘р,

ྸ൞ᮦٲрᇔ⧦䘏ж⛯ҕᱥᡇԢሼᶛ䴶㾷㘹㲇Ⲻ.

3. ᵢᮽѣᡇԢ⭞Ҽᵢᓊ⭞ӄু㕟⸛ѣⲺփ䘎㇍⌋, 䘏类㇍⌋Ⲻᵢ䍞ᱥྸ

ڻ⭞䠂ਬᦘⲺؗਭⲺ⁗ж䘎≸䀙ؗਭᵢ䓡ⲺՎौ方⌋. ഖ↚, ሯ

ӄ䘏类方⌋䘎㜳ཕ䘆⭞൞ଠӑ随机偏微分≸䀙ѣৱ䘎ᴿᖻᡇԢৱ᧘㍘. ԛሯ

ӄެԌགྷᦘ㙂䀶, 䘏类փ䘎Ⲻ㇍⌋ᱥੜדᰝ൞⨼р䙐, 䘏䜳ᱥᡇԢ

䴶㾷䘑ж↛㘹㲇Ⲻ问题.
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